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Semantics

A semantics is equivalent to a 
function that maps a program to its meaning.



Interpreters

An interpreter is a program
 that computes a program’s meaning.



The difference?



Side effects!



Interpreter v. compiler

Are they equivalent?

Is there a language which must be compiled?

Is there a language which must be interpreted?



Equivalence

Interpreter = Program ⨉ Input → Output

Compiler = Program → (Input → Output)



Interpreter styles

• Substitution v. environment

• Denotational v. operational

• Big-step v. small-step rules

• Continuation-passing v. direct



Substitution-based

• Machine configuration is program text

• Execution is program transformation



Example: Substitution

(let ((f (lambda (x) x))) (f 3)) 



Environment-based

• Configuration is program text, env.

• Environment maps variable to value

• Program text is never transformed



Example

((f x), [f → ((lambda (x) z),[z → 3]), 
        x → 10])



Denotational semantics

• Computes “denotation” of program terms

• Mutually recursive functions over domains



Typical functions

K : Num→ Z
E : Exp× Env → Value
D : Def → Var×Value
S : Stmt→ State → State
A : Lambda× Env → (Value → Value)



Example: Arithmetic

that evaluates to a syntactic entity, e.g., [[b]] and b denote the same expression. Using the
semantics in this case is a way to remind the reader that the entity is a syntactic one. !

9.4 Semantic functions

Semantic brackets make it possible to write down mathematical equations and formulae
involving syntactic entities. As their name implies, one of the most common uses of semantic
brackets is to define a semantics for a language. Semantics will be treated in more detail
later, but in brief, a semantics for a set of programs, Prog, can be thought of as a a function,
f , from the set Prog to some semantic domain, such as the integers, Z.

Many students first encounter function signatures in the study of differential or integral
calculus. For example, the function f such that:

f(x) = x2 + 3,

is said to have the signature:
f : R→ R,

because f transforms a real number into a real number.

Semantic functions also have signatures, but not from real numbers to real numbers. Se-
mantics functions have signatures from sets of programs (or some other syntactic set) to sets
of semantic values. Semantic values can be as simple as natural numbers or integers. For
example, the signature of a semantic function E might be written:

E : Exp→ Z,

because a semantics transforms syntactic objects into values.

Convention (Calligraphic fonts for semantic functions). Semantic functions are al-
most always written in calligraphic fonts, e.g., E , T , M. !

Example 9.5. Given the following grammar for a language of simple arithmetic expresions:

e ∈ Exp ::= t + e | t
t ∈ Term ::= f * t | f
f ∈ Factor ::= ( e )

| c
c ∈ Const is a set of constants,
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Example: Lambda

Chapter 12

Denotational semantics

12.0.1 The lambda calculus

d ∈ D = D → D

ρ ∈ Env = Var ⇀ D.

E : Exp× Env → D

E([[v]], ρ) = ρ(v)

E([[(f e)]], ρ) = (E(f, ρ))(E(e, ρ))

E([[(λ (v) e)]], ρ) = λd.E(e, ρ[v $→ d]).
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Operational semantics

• Configuration (state) space

• Transition relation/function



State-space

Σ



Transition relation

(⇒) ⊆ Σ× Σ

(⇒) : Σ→ P(Σ)



Small-step

Given one state, subsequent states are computable.



Big-step

Given one state, subsequent states may be incomputable.



Big-step relation

(⇓) ⊆ Σ× Σ



Example: Small-step

([[v := e]] : !s, ρ)⇒ (!s, ρ[v "→ A(e, ρ)])



Example: Big-step

(f, ρ) ⇓ ([[(λ (v) e′)]], ρ′)
(e, ρ) ⇓ cl

(e′, ρ′[v "→ cl ]) ⇓ cl ′

([[(f e)]], ρ) ⇓ cl ′



Extended example:
Small-step miniScheme



Grammar

Chapter 21

Case study: A direct-style language

æ ∈ Atom = Lam + Const + Prim + Var

lam ∈ Lam ::= (λ (v1 . . . vn) e)
v ∈ Var = {[[x]], [[y]], [[foo]], . . .}
c ∈ Const = Int + Bool

op ∈ Prim = {[[+]], [[*]], [[halt]], . . .}

i ∈ Int = {. . . , [[-1]], [[0]], [[1]], . . .}
b ∈ Bool ::= #t | #f

f, e ∈ Exp ::= æ
| (f e1 · · · en)
| (let ((v earg)) ebody)
| (letrec ((v1 lam1) · · · (vn lamn)) e)
| (if econd etrue efalse)
| (set! v e)
| (begin e1 · · · en).
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State-space21.1 Concrete state-space: CESP

ς ∈ Σ = ValExp× Env × Store ×KontPtr × Time

ρ ∈ Env = Var ⇀ Addr
σ ∈ Store = Addr ⇀ D
a ∈ Addr is an infinite set of addresses
p
κ ∈ KontPtr ⊆ Addr

d ∈ D = Val
val ∈ Val = Proc + Bas + Kont

proc ∈ Proc = Clo + Prim
bas ∈ Bas = Z + Bool

κ ∈ Kont = ˙ValExp× Env ×KontPtr
+ {halt}

t ∈ Time is an infinite set of time-stamps.

V ∈ ValExp ::= d
| æ
| (d1 . . . dn e1 · · · em)
| (let ((v V )) ebody)
| (letrec ((v1 lam1) · · · (vn lamn)) e)
| (if V etrue efalse)
| (set! v V )
| (begin d1 · · · dn e1 · · · em).

V̇ ∈ ˙ValExp ::= !

| (d1 . . . dn V̇ e1 · · · em)

| (let ((v V̇ )) ebody)
| (letrec ((v1 lam1) · · · (vn lamn)) e)
| (if V̇ etrue efalse)

| (set! v V̇ )

| (begin d1 · · · dn V̇ e1 · · · em).

21.2 Concrete semantics

A : Atom× Env × Store ⇀ D
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Value expressions

21.1 Concrete state-space: CESP

ς ∈ Σ = ValExp× Env × Store ×KontPtr × Time

ρ ∈ Env = Var ⇀ Addr
σ ∈ Store = Addr ⇀ D
a ∈ Addr is an infinite set of addresses
p
κ ∈ KontPtr ⊆ Addr

d ∈ D = Val
val ∈ Val = Proc + Bas + Kont

proc ∈ Proc = Clo + Prim
bas ∈ Bas = Z + Bool

κ ∈ Kont = ˙ValExp× Env ×KontPtr
+ {halt}

t ∈ Time is an infinite set of time-stamps.

V ∈ ValExp ::= d
| æ
| (d1 . . . dn e1 · · · em)
| (let ((v V )) ebody)
| (letrec ((v1 lam1) · · · (vn lamn)) e)
| (if V etrue efalse)
| (set! v V )
| (begin d1 · · · dn e1 · · · em).

V̇ ∈ ˙ValExp ::= !

| (d1 . . . dn V̇ e1 · · · em)

| (let ((v V̇ )) ebody)
| (letrec ((v1 lam1) · · · (vn lamn)) e)
| (if V̇ etrue efalse)

| (set! v V̇ )

| (begin d1 · · · dn V̇ e1 · · · em).

21.2 Concrete semantics

A : Atom× Env × Store ⇀ D
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Contexts

21.1 Concrete state-space: CESP

ς ∈ Σ = ValExp× Env × Store ×KontPtr × Time

ρ ∈ Env = Var ⇀ Addr
σ ∈ Store = Addr ⇀ D
a ∈ Addr is an infinite set of addresses
p
κ ∈ KontPtr ⊆ Addr

d ∈ D = Val
val ∈ Val = Proc + Bas + Kont

proc ∈ Proc = Clo + Prim
bas ∈ Bas = Z + Bool

κ ∈ Kont = ˙ValExp× Env ×KontPtr
+ {halt}

t ∈ Time is an infinite set of time-stamps.

V ∈ ValExp ::= d
| æ
| (d1 . . . dn e1 · · · em)
| (let ((v V )) ebody)
| (letrec ((v1 lam1) · · · (vn lamn)) e)
| (if V etrue efalse)
| (set! v V )
| (begin d1 · · · dn e1 · · · em).

V̇ ∈ ˙ValExp ::= !

| (d1 . . . dn V̇ e1 · · · em)

| (let ((v V̇ )) ebody)
| (letrec ((v1 lam1) · · · (vn lamn)) e)
| (if V̇ etrue efalse)

| (set! v V̇ )

| (begin d1 · · · dn V̇ e1 · · · em).

21.2 Concrete semantics

A : Atom× Env × Store ⇀ D
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Helpers

21.1 Concrete state-space: CESP

ς ∈ Σ = ValExp× Env × Store ×KontPtr × Time

ρ ∈ Env = Var ⇀ Addr
σ ∈ Store = Addr ⇀ D
a ∈ Addr is an infinite set of addresses
p
κ ∈ KontPtr ⊆ Addr

d ∈ D = Val
val ∈ Val = Proc + Bas + Kont

proc ∈ Proc = Clo + Prim
bas ∈ Bas = Z + Bool

κ ∈ Kont = ˙ValExp× Env ×KontPtr
+ {halt}

t ∈ Time is an infinite set of time-stamps.

V ∈ ValExp ::= d
| æ
| (d1 . . . dn e1 · · · em)
| (let ((v V )) ebody)
| (letrec ((v1 lam1) · · · (vn lamn)) e)
| (if V etrue efalse)
| (set! v V )
| (begin d1 · · · dn e1 · · · em).

V̇ ∈ ˙ValExp ::= !

| (d1 . . . dn V̇ e1 · · · em)

| (let ((v V̇ )) ebody)
| (letrec ((v1 lam1) · · · (vn lamn)) e)
| (if V̇ etrue efalse)

| (set! v V̇ )

| (begin d1 · · · dn V̇ e1 · · · em).

21.2 Concrete semantics

A : Atom× Env × Store ⇀ D

278

A(lam, ρ,σ) = (lam, ρ)

A(v, ρ,σ) = σ(ρ(v))

A(c, ρ,σ) = K(c)

A(op, ρ,σ) = op.

(d, ρ,σ, p
κ
, t) ⇒ (V̇ [d], ρ′, σ, p

κ ′
, t′), where:

(V̇ , ρ′, p
κ ′

) = σ(p
κ
)

t′ = tick(t).

(V̇ [æ], ρ,σ, p
κ
, t) ⇒ (A(æ, ρ,σ), ρ,σ, p

κ
, t′), where:

t′ = tick(t).

If e "∈ AExp:

ς︷ ︸︸ ︷
(V̇ [e], ρ,σ, p

κ
, t) ⇒ (e, ρ,σ′, p

κ ′
, t′), where:

κ′ = (V̇ , ρ, p
κ
)

p
κ ′

= allocκ(ς)

σ′ = σ[p
κ ′ $→ κ′]

t′ = tick(t).

If (lam, ρ′) = d0:

([[(d0 d1 · · · dn)]], ρ,σ, p
κ
, t) ⇒ (e′, ρ,σ, p

κ
, t′), where:

t′ = tick(t)

lam = [[(λ (v1 · · · vn) e′)]]

ai = alloc(vi, t
′)

ρ′ = ρ[vi $→ ai]

σ′ = σ[ai $→ di].

If op = d0:

([[(d0 d1 · · · dn)]], ρ,σ, p
κ
, t) ⇒ (d′, ρ,σ, p

κ
, t′), where:

t′ = tick(t)

d′ = O(op)〈d1, . . . , dn〉.
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Return

A(lam, ρ,σ) = (lam, ρ)

A(v, ρ,σ) = σ(ρ(v))

A(c, ρ,σ) = K(c)

A(op, ρ,σ) = op.

(d, ρ,σ, p
κ
, t) ⇒ (V̇ [d], ρ′, σ, p

κ ′
, t′), where:

(V̇ , ρ′, p
κ ′

) = σ(p
κ
)

t′ = tick(t).

(V̇ [æ], ρ,σ, p
κ
, t) ⇒ (A(æ, ρ,σ), ρ,σ, p

κ
, t′), where:

t′ = tick(t).

If e "∈ AExp:

ς︷ ︸︸ ︷
(V̇ [e], ρ,σ, p

κ
, t) ⇒ (e, ρ,σ′, p

κ ′
, t′), where:

κ′ = (V̇ , ρ, p
κ
)

p
κ ′

= allocκ(ς)

σ′ = σ[p
κ ′ $→ κ′]

t′ = tick(t).

If (lam, ρ′) = d0:

([[(d0 d1 · · · dn)]], ρ,σ, p
κ
, t) ⇒ (e′, ρ,σ, p

κ
, t′), where:

t′ = tick(t)

lam = [[(λ (v1 · · · vn) e′)]]

ai = alloc(vi, t
′)

ρ′ = ρ[vi $→ ai]

σ′ = σ[ai $→ di].

If op = d0:

([[(d0 d1 · · · dn)]], ρ,σ, p
κ
, t) ⇒ (d′, ρ,σ, p

κ
, t′), where:

t′ = tick(t)

d′ = O(op)〈d1, . . . , dn〉.
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Atomic expressions

A(lam, ρ,σ) = (lam, ρ)

A(v, ρ,σ) = σ(ρ(v))

A(c, ρ,σ) = K(c)

A(op, ρ,σ) = op.

(d, ρ,σ, p
κ
, t) ⇒ (V̇ [d], ρ′, σ, p

κ ′
, t′), where:

(V̇ , ρ′, p
κ ′

) = σ(p
κ
)

t′ = tick(t).

(V̇ [æ], ρ,σ, p
κ
, t) ⇒ (A(æ, ρ,σ), ρ,σ, p

κ
, t′), where:

t′ = tick(t).

If e "∈ AExp:

ς︷ ︸︸ ︷
(V̇ [e], ρ,σ, p

κ
, t) ⇒ (e, ρ,σ′, p

κ ′
, t′), where:

κ′ = (V̇ , ρ, p
κ
)

p
κ ′

= allocκ(ς)

σ′ = σ[p
κ ′ $→ κ′]

t′ = tick(t).

If (lam, ρ′) = d0:

([[(d0 d1 · · · dn)]], ρ,σ, p
κ
, t) ⇒ (e′, ρ,σ, p

κ
, t′), where:

t′ = tick(t)

lam = [[(λ (v1 · · · vn) e′)]]

ai = alloc(vi, t
′)

ρ′ = ρ[vi $→ ai]

σ′ = σ[ai $→ di].

If op = d0:

([[(d0 d1 · · · dn)]], ρ,σ, p
κ
, t) ⇒ (d′, ρ,σ, p

κ
, t′), where:

t′ = tick(t)

d′ = O(op)〈d1, . . . , dn〉.
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Non-atomics

A(lam, ρ,σ) = (lam, ρ)

A(v, ρ,σ) = σ(ρ(v))

A(c, ρ,σ) = K(c)

A(op, ρ,σ) = op.

(d, ρ,σ, p
κ
, t) ⇒ (V̇ [d], ρ′, σ, p

κ ′
, t′), where:

(V̇ , ρ′, p
κ ′

) = σ(p
κ
)

t′ = tick(t).

(V̇ [æ], ρ,σ, p
κ
, t) ⇒ (A(æ, ρ,σ), ρ,σ, p

κ
, t′), where:

t′ = tick(t).

If e "∈ AExp:

ς︷ ︸︸ ︷
(V̇ [e], ρ,σ, p

κ
, t) ⇒ (e, ρ,σ′, p

κ ′
, t′), where:

κ′ = (V̇ , ρ, p
κ
)

p
κ ′

= allocκ(ς)

σ′ = σ[p
κ ′ $→ κ′]

t′ = tick(t).

If (lam, ρ′) = d0:

([[(d0 d1 · · · dn)]], ρ,σ, p
κ
, t) ⇒ (e′, ρ,σ, p

κ
, t′), where:

t′ = tick(t)

lam = [[(λ (v1 · · · vn) e′)]]

ai = alloc(vi, t
′)

ρ′ = ρ[vi $→ ai]

σ′ = σ[ai $→ di].

If op = d0:

([[(d0 d1 · · · dn)]], ρ,σ, p
κ
, t) ⇒ (d′, ρ,σ, p

κ
, t′), where:

t′ = tick(t)

d′ = O(op)〈d1, . . . , dn〉.
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Procedure call

A(lam, ρ,σ) = (lam, ρ)

A(v, ρ,σ) = σ(ρ(v))

A(c, ρ,σ) = K(c)

A(op, ρ,σ) = op.

(d, ρ,σ, p
κ
, t) ⇒ (V̇ [d], ρ′, σ, p

κ ′
, t′), where:

(V̇ , ρ′, p
κ ′

) = σ(p
κ
)

t′ = tick(t).

(V̇ [æ], ρ,σ, p
κ
, t) ⇒ (A(æ, ρ,σ), ρ,σ, p

κ
, t′), where:

t′ = tick(t).

If e "∈ AExp:

ς︷ ︸︸ ︷
(V̇ [e], ρ,σ, p

κ
, t) ⇒ (e, ρ,σ′, p

κ ′
, t′), where:

κ′ = (V̇ , ρ, p
κ
)

p
κ ′

= allocκ(ς)

σ′ = σ[p
κ ′ $→ κ′]

t′ = tick(t).

If (lam, ρ′) = d0:

([[(d0 d1 · · · dn)]], ρ,σ, p
κ
, t) ⇒ (e′, ρ,σ, p

κ
, t′), where:

t′ = tick(t)

lam = [[(λ (v1 · · · vn) e′)]]

ai = alloc(vi, t
′)

ρ′ = ρ[vi $→ ai]

σ′ = σ[ai $→ di].

If op = d0:

([[(d0 d1 · · · dn)]], ρ,σ, p
κ
, t) ⇒ (d′, ρ,σ, p

κ
, t′), where:

t′ = tick(t)

d′ = O(op)〈d1, . . . , dn〉.
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A(lam, ! ,  ) = (lam, ! )

A(v, ! ,  ) =  (! (v))

A(c, ! ,  ) = K(c)

A(op, ! ,  ) = op.

(d, ! ,  , p
κ
, t) ⇒ (V̇ [d], ! ′,  , p

κ ′
, t′), where:

(V̇ , ! ′, p
κ ′

) =  (p
κ
)

t′ = tick(t).

(V̇ [æ], ! ,  , p
κ
, t) ⇒ (A(æ, ! ,  ), ! ,  , p

κ
, t′), where:

t′ = tick(t).

If e "∈ AExp:

ς︷ ︸︸ ︷
(V̇ [e], ! ,  , p

κ
, t) ⇒ (e, ! ,  ′, p

κ ′
, t′), where:

t′ = tick(t)

" ′ = (V̇ , ! , p
κ
)

p
κ ′

= allocκ(#)

 ′ =  [p
κ ′ $→ " ′].

If (lam, ! ′) = d0:

([[(d0 d1 · · · dn)]], ! ,  , p
κ
, t) ⇒ (e′, ! ′′,  ′, p

κ
, t′), where:

t′ = tick(t)

lam = [[(λ (v1 · · · vn) e′)]]

ai = alloc(vi, t
′)

! ′′ = ! ′[vi $→ ai]

 ′ =  [ai $→ di].

([[(op d1 · · · dn)]], ! ,  , p
κ
, t) ⇒ (d′, ! ,  , p

κ
, t′), where:

t′ = tick(t)

d′ = O(op)〈d1, . . . , dn〉.
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Primitives

A(lam, ρ,σ) = (lam, ρ)

A(v, ρ,σ) = σ(ρ(v))

A(c, ρ,σ) = K(c)

A(op, ρ,σ) = op.

(d, ρ,σ, p
κ
, t) ⇒ (V̇ [d], ρ′, σ, p

κ ′
, t′), where:

(V̇ , ρ′, p
κ ′

) = σ(p
κ
)

t′ = tick(t).

(V̇ [æ], ρ,σ, p
κ
, t) ⇒ (A(æ, ρ,σ), ρ,σ, p

κ
, t′), where:

t′ = tick(t).

If e "∈ AExp:

ς︷ ︸︸ ︷
(V̇ [e], ρ,σ, p

κ
, t) ⇒ (e, ρ,σ′, p

κ ′
, t′), where:

κ′ = (V̇ , ρ, p
κ
)

p
κ ′

= allocκ(ς)

σ′ = σ[p
κ ′ $→ κ′]

t′ = tick(t).

If (lam, ρ′) = d0:

([[(d0 d1 · · · dn)]], ρ,σ, p
κ
, t) ⇒ (e′, ρ,σ, p

κ
, t′), where:

t′ = tick(t)

lam = [[(λ (v1 · · · vn) e′)]]

ai = alloc(vi, t
′)

ρ′ = ρ[vi $→ ai]

σ′ = σ[ai $→ di].

If op = d0:

([[(d0 d1 · · · dn)]], ρ,σ, p
κ
, t) ⇒ (d′, ρ,σ, p

κ
, t′), where:

t′ = tick(t)

d′ = O(op)〈d1, . . . , dn〉.
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Letrec
([[(let ((v d)) ebody)]], ρ,σ, p

κ
, t)⇒ (ebody, ρ,σ, p

κ
, t′), where:

t′ = tick(t)

p
κ ′

= alloc(ς)

σ′ = σ[ρ(v) "→ d].

([[(letrec ( · · · (vi lam i) · · · ) e)]], ρ,σ, p
κ
, t)⇒ (e, ρ′, σ′, p

κ
, t′), where:

t′ = tick(t)

ai = alloc(vi, ς)

ρ′ = ρ[vi "→ ai]

di = A(lam i, ρ
′, σ)

σ′ = σ[ai "→ di].

([[(if #t etrue efalse)]], ρ,σ, p
κ
, tick(t))⇒ (etrue, ρ,σ, p

κ
, t′).

([[(if #f etrue efalse)]], ρ,σ, p
κ
, t)⇒ (efalse, ρ,σ, p

κ
, tick(t)).

([[(set! v d)]], ρ,σ, p
κ
, t)⇒ (dvoid, ρ,σ′, p

κ
, t), where:

t′ = tick(t)

d = A(æ, ρ,σ)

σ′ = σ[ρ(v) "→ d].
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Conditionals

([[(let ((v d)) ebody)]], ρ,σ, p
κ
, t)⇒ (ebody, ρ,σ, p

κ
, t′), where:

t′ = tick(t)

a = alloc(v, t′)

σ′ = σ[a "→ d].

([[(letrec ( · · · (vi lam i) · · · ) e)]], ρ,σ, p
κ
, t)⇒ (e, ρ′, σ′, p

κ
, t′), where:

t′ = tick(t)

ai = alloc(vi, t
′)

ρ′ = ρ[vi "→ ai]

di = A(lam i, ρ
′, σ)

σ′ = σ[ai "→ di].

([[(if #t etrue efalse)]], ρ,σ, p
κ
, t)⇒ (etrue, ρ,σ, p

κ
, tick(t)).

([[(if #f etrue efalse)]], ρ,σ, p
κ
, t)⇒ (efalse, ρ,σ, p

κ
, tick(t)).

([[(set! v d)]], ρ,σ, p
κ
, t)⇒ (dvoid, ρ,σ′, p

κ
, t), where:

t′ = tick(t)

d = A(æ, ρ,σ)

σ′ = σ[ρ(v) "→ d].

FIXME: Missing (begin ...)
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Set!

([[(let ((v d)) ebody)]], ρ,σ, p
κ
, t)⇒ (ebody, ρ,σ, p

κ
, t′), where:

t′ = tick(t)

p
κ ′

= alloc(ς)

σ′ = σ[ρ(v) "→ d].

([[(letrec ( · · · (vi lam i) · · · ) e)]], ρ,σ, p
κ
, t)⇒ (e, ρ′, σ′, p

κ
, t′), where:

t′ = tick(t)

ai = alloc(vi, ς)

ρ′ = ρ[vi "→ ai]

di = A(lam i, ρ
′, σ)

σ′ = σ[ai "→ di].

([[(if #t etrue efalse)]], ρ,σ, p
κ
, tick(t))⇒ (etrue, ρ,σ, p

κ
, t′).

([[(if #f etrue efalse)]], ρ,σ, p
κ
, t)⇒ (efalse, ρ,σ, p

κ
, tick(t)).

([[(set! v d)]], ρ,σ, p
κ
, t)⇒ (dvoid, ρ,σ′, p

κ
, t), where:

t′ = tick(t)

d = A(æ, ρ,σ)

σ′ = σ[ρ(v) "→ d].
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