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Lambda is everywhere!

All you need is lambda.

Lambda multiplies you.



Edward Sapir Benjamin Whorf



Sapir-Whorf Hypothesis

Language  
limits  

thought.

Edward Sapir Benjamin Whorf



Challenge



Write factorial without using recursion.



Or iteration.



Or conditionals.



Or any  
numbers.
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What is λ?



λ is a notation



for anonymous functions



$ python 
>>> f = lambda x: x + 1 

>>> f(3) 
4



λ is a language



λ is a proof theory



λ is a way of life



Lambda is everywhere!

All you need is lambda.

Lambda multiplies you.



Lambda is everywhere!



lambda v1,...,vn: exp



(lambda (v1 ... vn) exp)



(λ (v1 ... vn) exp)



function (v1,...,vn)  { return exp ; }



new Procedure () { 
 public T run (T1 v1,...,Tn vn) { 
   return exp ; 
 } 
}



(T1 v1,...,Tn vn) -> exp



function (v1,...,vn) return exp end



function (v1,...,vn) use (free) {return exp ;}



lambda {|v1,...,vn| return exp }



(v1 : t1,...,v2 : t2) => exp



[free](T1 v1,...,Tn vn){ return exp; }



[](){}



([](){})()



λ



λ





Origins of λ



Origins of notation



(Supposedly) Euclid 300 BC



300 BC2014 AD

 gcd(a, b) = (b == 0) ? a : gcd(b, a mod b)



“Limitations”



No zero



No variables/unknowns



No operators



Long division needed Ph.D.



(Supposedly) Hippasus

p
2





+ 3x =
x
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The number such that adding one to three of 
the root of that number is equal to that number.



The number such that adding one to three of 
the root of that number is equal to that number.

Brahmagupta (?)

Indian numerals (596)



The number such that adding one to three of 
the root of that number is equal to that number.

Brahmagupta (?)

Indian numerals (596)

1 3



The number such that adding one to three of 
the root of that number is equal to that number.

1 3

et



The number such that adding one to three of 
the root of that number is equal to that number.

1 3

t



The number such that adding one to three of 
the root of that number is equal to that number.

1 3

t+



The number such that adding one to three of 
the root of that number is equal to that number.

1 3

+



The number such that adding one to three of 
the root of that number is equal to that number.

1

+
3



The number such that adding one to three of 
the root of that number is equal to that number.

1 + 3



The number such that adding one to three of 
the root of that number is equal to that number.

1 + 3

(Probably) François VièteVariables (1570)



The number such that adding one to three of 
the root of that number is equal to that number.

1 + 3

(Probably) François VièteVariables (1570)

♓︎
♅is equal to



1 + 3

(Probably) François VièteVariables (1570)

♓︎ ♅is equal to



1 + 3 ♓︎ ♅is equal to



1 + 3 ♓︎ ♅is equal to

William Oughtred



1 + 3 ♓︎ ♅

William Oughtred

=

Early 1600s



1 + 3 =x x

2

Isaac Newton Principia (late 1600s)



1 + 3 =x x

2



1 + 3=
x x
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x 7! x

2 + 3



lambda x: x*x + 3



7!



What else is out there?



Giuseppe Peano (1800s)



{}



{ }1, 2



{ }{ }



Unification of math & logic



Every integer greater than two can be written as the sum of two primes.



8n : (n > 2) =) 9a, b : p(a) ^ p(b) ^ a+ b = n



Gottlob Frege Bertrand Russell

Sets all the way down!

Nope.



Alonzo Church
(My great5 grand advisor!)



Why not functions?



x

2 � 4f(x) =



x

2 � 4f =
�x.



x

2 � 4
�x.



x

2 � 4
�x.

( () )2
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λ-calculus



v



e1(e2)



�v.e



| |v λv.e e1(e2)



λv.e

v

e1(e2)



lambda v: e

v

e1(e2)



Lambda is everywhere!

All you need is lambda.

Lambda multiplies you.



All you need is lambda.



lambda => language





Multi-argument functions



f(x,y)



lambda x: e



lambda x : ey,



lambda x : ey: lambda



f(x,y)



f(x)(y)



$ python 
>>> f = lambda x,y: x + y 

>>> g = lambda x: lambda y: x + y 

>>> f(1,2) 
3 

>>> g(1)(2) 
3



Booleans



IF (cond) (true) (false)



IF (TRUE) (true) (false)



true



IF (FALSE) (true) (false)



false



IF (cond) (true) (false)



cond (true) (false)



IF (cond) (true) (false)



IF = (lambda c : 
       lambda t : 
        lambda f : 
         c(t)(f))



TRUE = (lambda t: 
         lambda f: 
           t)



FALSE = (lambda t: 
          lambda f: 
            f)



Natural numbers



What is a natural?



Zero



Another natural + 1



How do we use naturals?



Iteration!



ZERO (f) (z)



ZERO (f) (z) == z



ONE (f) (z)



ONE (f) (z) == f(z)



TW0 (f) (z) == f(f(z))



THREE (f) (z) == f(f(f(z)))



ZERO (f) (z) == z



ZERO = (lambda f :  
         lambda z : 
          f(z))



SUCC(n)



SUCC(n)(f)(z) = f(n(f)(z))n f z = f(n(f)(z))SUCC



n f z=SUCC f(n(f)(z))



n
f
z

=SUCC

f(n(f)(z)):lambda
lambda :

lambda :
(

)



SUM = (lambda a:  
        lambda b: 
         lambda f: 
          lambda z: 
           a(f)(b(f)(z)))



MUL = (lambda a: 
        lambda b: 
         lambda f: 
          lambda z: 
  a(lambda z:b(f)(z))(z))



Pairs



PAIR (a) (b)



LEFT (PAIR (a) (b)) = a



RIGHT (PAIR (a) (b)) = b



PAIR = (lambda a:  
         lambda b: 
          lambda f: f(a)(b))



RIGHT = (lambda p: 
   p(lambda l: lambda r: r))



LEFT  = (lambda p: 
   p(lambda l: lambda r: l))



Lists



NIL



CONS (hd) (tl)



HEAD (CONS (hd) (tl)) = hdCONS (hd) (tl)



TAIL (CONS (hd) (tl)) = tlCONS (hd) (tl)



CONSP (CONS (hd) (tl)) = TRUECONS (hd) (tl)



NILP (CONS (hd) (tl)) = FALSECONS (hd) (tl)



NILP (   ) = TRUENIL



CONSP (   ) = FALSENIL



VOID = lambda _:_ 

NIL = lambda oncons: lambda onnil: onnil(VOID) 

CONS = (lambda hd: lambda tl: 
         lambda oncons: lambda onnil:  
          oncons(hd)(tl)) 

CONSP = lambda l: l (lambda hd: lambda tl: TRUE) (lambda void: FALSE) 

NILP = lambda l: l (lambda hd: lambda tl: FALSE) (lambda void: TRUE) 

HEAD = lambda l: l (lambda hd: lambda tl: hd) (VOID) 

TAIL = lambda l: l (lambda hd: lambda tl: tl) (VOID)



Recursion



Non-termination



(lambda f:f(f))(lambda g:g(g))



U = lambda f: f(f)



U(U)



Recursion is self-reference 



self-application  

=> 

self-reference



f = ... f ...



f = ... U(h) ...



f = U(lambda h: ... U(h) ...)



f = U(lambda h: ... U(h) ...)



fact = U(lambda h: 
     lambda n: 1 if n <= 0 else n * (U(h))(n-1))



We can do better!



fact = U(lambda h: 
     lambda n: 1 if n <= 0 else n * (U(h))(n-1))



fact = Y(lambda f: 
     lambda n: 1 if n <= 0 else n *      f(n-1))



Define recursive function…



…as fixed point…



…of non-recursive function.



Define fixed point finder…



…without recursion.



x is a fixed point of F if F(x) = x.



Y(F) = x (F )xsuch that x =Y(F)



Y(F) = x (F )such that x = Y(F)



Y(F)=F(Y(F))



Y :Flambda= F(Y(F))



Y :Flambda= F( Y(F) ):xlambda (x)



Y :Flambda= F( U (F) ):xlambda (x):hlambdaU( (h) )



Y :Flambda= F( h (: F) )xlambda (x): (hlambdaU( h) ):Flambda F( h (: F) )xlambda (x): (hlambda( h) )



Y :Flambda= F( h (: F) )xlambda (x): (hlambda(( h) )
:Flambda F( h (: F) )xlambda (x): (hlambda( h) ))



$ python 
>>> Y = ((lambda h: lambda F: F(lambda x: h(h)(F)(x))) 
         (lambda h: lambda F: F(lambda x: h(h)(F)(x)))) 

>>> fact = Y(lambda f: lambda n: 1 if n <= 0 else n * f(n-1)) 

>>> fact(8) 
40320
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((lambda m: (((((m)((lambda n: ((lambda f: ((lambda z: (((((((n)((lambda g: 

((lambda h: (((h)(((g)(f)))))))))))((lambda u: (z)))))((lambda u: 
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(u)))))))))))))(n)))))))(n)))((lambda f: ((lambda z: (((f)
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Lambda multiplies you.



λ is a gateway drug



Continuation-passing style nodejs

Monads

Functional programming

Higher-order programming (map, fold, reduce, …)

Continuations time travel, logic programming

relational programming

Curry-Howard isomorphism dependent types

Laziness

theorem proving

Type theory



Thanks!
matt.might.net

http://matt.might.net


TRUE = (lambda t: 
         lambda f: 
           t)



TRUE = (lambda t: 
         lambda f: 
           t())



FALSE = (lambda t: 
          lambda f: 
            f)



FALSE = (lambda t: 
          lambda f: 
            f())



IF (cond)  
   (lambda: true) 
   (lambda: false)












