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Small-step analysis



Concrete semantics



Concrete semantics

® Convert program e into machine state sy



Concrete semantics

® Convert program e into machine state sy

® Transition from state s, to state s,.1
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Theorem: simulates the concrete.
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Components of small-step
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Classical abstract interpretation!?









f(S)={%IU{ ¢~ ¢ and ¢ € S}






Ifp(f) = {<
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Case study: CPS and OCFA



v € Var is a set of variables
lam € Lam ::= (A (v1...v,) call)
f,ae € AExp :== v | lam
call € Call := (f &1 ...,)



Y. = Call x Env
Env = Var — Clo
Clo = Lam x Env



¢ € )= (Call x Env
p € Env = Var — Clo
clo € Clo = Lam X Env



A : AExp x Env — Clo



A : AExp x Env — Clo

A(v, p) = p(v)
A(lam, p) = (lam, p)



7 Call = X



7 Call = X

ZL(call) = (call,||)
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([Cfeer...oe)],p)=( , ), where









9 ) ] where

(
A(f, p)

([N Qu1 ... vp) calD ], p') =



([C¢f ee1...2.)],p) = (call, ), where
(TN (v vn) calD], p') = A(f, p)



([C¢f ee1...2.)],p) = (call, ), where
[ ... v) calD], §) = Al p)

0



([Cf a1...8,)], p) [[, ), where

(I[()\ (Ul Un) Call)]]“g’) :A

\ S S 7ﬂ vi — Alaes, p)



([C¢f ee1...2.)],p) = (call, ), where
[ ... v) calD], §) = Al p)
p" = p'lvi = A(ei, p)]



([Cf ae1...2)],p) = (call, p"), where
([N (v1...vn) calDD], p') = A(f, p)
p" = p'lvi = A(ei, p)]



Structural abstraction?



¢ € Y, = (Call x Env
p € Env = Var — Clo
clo € Clo = Lam x Env



ce s = Call x Env
» € Env = Var — Clo

clo € Clo = Lam x Env



¢ € Y, = (Call x Env
p € Env = Var — Clo
clo € Clo = Lam x Env



Env = Var — Clo
Clo = Lam x Env



ar Clo

X Fnuv

Env =

Clo =
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How to cut the knot!






Scott & Strachey, 1966




Store-passing transform.



¢ € ) = Call x Env
p € Env = Var — Clo
clo € Clo = Lam x Env




¢ € Y = Call x Env
p € Env = Var — Clo
clo € Clo = Lam x Env



¢ e XY = Call x Env x Store
p € Env = Var — (Clo
clo € Clo = Lam x Env



¢ € X = Call x Env x Store
p € Env = Var — (Clo
clo € Clo = Lam x Env
o € Store = Addr —

a € Addr 1s an infinite set.



¢ € X = Call x Env x Store
o € Env = Var —
clo € Clo = Lam x Env
o € Store = Addr — Clo

a € Addr 1s an infinite set.



¢ € X = Call x Env x Store
p € Env = Var — Addr
clo € Clo = Lam x Env
o € Store = Addr — Clo

a € Addr 1s an infinite set.



A : AExp x Env — Clo



A : AExp x Env x Store — Clo



A : AExp x Env x Store — Clo

A(v, p, o)
A(lam, p, o)

o(p(v))

lam, p)



([Cf &er...&)],p) = (call, p” ), where
(I (urv vy calD], p") = A(f, p)
p" = p'lvi — Alaei, p)]



([Cfeer...e)],p,0) = (call,p” ), where
(I (urv vy calD], p") = A(f, p)
p" = p'lv; = A(aei, p))



([Cf eer...&)],p,0) = (call, p”, o), where
(I (ur o) call], p') = A(f, p)
p" = p'lvi — Alaei, p)]



([Cf eer...&)],p,0) = (call, p”, o), where
[ r...v) calD]. o) = A(f. p.0)
p" = p'lv; — A&, p)]



([Cf eer...&)],p,0) = (call, p”, o), where
(TN oy ...vp,) calD], p') = A(f, p, o)
p’ = p'lvi =
A(ee;, p ,0)]



([Cf eer...&)],p,0) = (call, p”, o), where
(TN oy ...vp,) calD], p') = A(f, p, o)
p' = p'lvi = aj
A(ee;, p ,0)]



([Cf eer...&)],p,0) = (call, p”, o), where
([N (o1 ... vp) call)], p') = A(f, p, o)
p' = p'lvi = aj
A(aei,p ,0)]

a; = alloc(v;, o)



([Cf eer...&)],p,0) = (call, p”, o), where
([N (o1 ... vp) call)], p') = A(f, p, o)
p' = p'lvi = aj
o' = ola; — A, p ,0)]

a; = alloc(v;, o)



Abstraction









¢ € X = Call x Env x Store
p € Env = Var — Addr
clo € Clo = Lam x Env
o € Store = Addr — Clo

a € Addr 1s an infinite set.



¢ € X = Call x Env x Store
p € Env = Var — Addr
clo € Clo = Lam x Env
o € Store = Addr — Clo

a Eis an infinite set.



¢ € X = Call x Env x Store
p € Env = Var — Addr
clo € Clo = Lam x Env
o € Store = Addr — Clo

a Eis a finite set.



¢ € X = Call x Env x Store
p € Env = Var — Addr
clo € Clo = Lam x Env
o € Store = Addr —P( Clo )
a € Addr is a finite set.



¢ e S = Call x Env x Store
ﬁGE/n\v:Var%A/dE‘
clo € Clo = Lam x Env
& € Store = Addr —P( Clo )
4 € Addr is a finite set.






. Addr — A/dE“




C D — D



afcall, p, o) =



afcall, p,0) =



a(call, p, o)



acall, p,o) = (call, p, o)



a(call, p,0) = (call, a(p), o)



afcall, p,o) = (call, a(p), a(o))



a(call, p,o) = (call, ap), (o))

a(lam, p) = 1(lam, a(p))}

a(a) is to be continued...



N

a(call, p,o) =

call, o p), a(o))

a(lam, p) = {(lam, a(p))}

#(a) is to be continued...




([C¢f eer...2)],p,0) = (call, p”",c"), where

([ .. v) calD], ) = A(f, p, )
p' = p'lvi = aj]

o' =ola; — Alae;, p,0)]

a; = alloc(v;, o)



([Cf eer...a2)],p,0 p", "), where
(TN (g .. ov,) calD)], p')
Ia//
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(TN (g .. ov,) calD)], p')
Ia//

~ )
%l

~ (ca
fl(f p,0)
15 Uz — az]

_ai — A(%’ivﬁa 5-)]

|
Q>

e —
A

a; = alloc(v;, &)



A

a; = alloc(v;, &)
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a; = alloc(v;, &)



Allocation



AN

a; = alloc(v;, 6)



([Cfeer...2)],p,0) = (call, p”,5"), where
([N vy ... v0) calD], ') = A(f, , 6)

a; = alloc(v;,
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Determines polyvariance



OCFA



A/dE“:Var
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alloc(v, 0) =
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alloc(v,0) = v



| essons!?



Step |: Cut recursion.



Step 2: Structurally abstract.



Case study: ANF



e € Exp ::= (et ((v call)) e)
| call
&
f,ae € AExp :==v | lam
lam € Lam ::= (A (v) €)
call € Call ::= (f &)

v € Var 1s a set of identifiers






CESK*



CESK*



>, = Exp X Env x Store x Kont



C E S K

Vol

>, = Exp X Env x Store x Kont

|

state-space



>, = Exp X Env x Store x Kont



> = Exp X Env x Store x Kont
Store = Addr — Clo

Env = Var — Addr
Clo = Lam x Env
k € Kont ::= letk(v, e, p, k)
| halt



A A A A
> = Exp X Env x Store x Kont

A A A
Store = Addr — Clo

A A
Env = Var — Addr
A A
Clo = Lam X Env
R e Kont = letk(v, e, p, k)
| halt



A A A A
> = Exp x Env x Store x Kont

A A A
Store = Addr — Clo

A A
Env = Var — Addr
A A
Clo = Lam X Env
R e Kont = letk(v, e, p, k)
| halt



k € Kont ::= letk(v, e, p, k)



k € Kont ::= letk(v, e, p, k)



7N

k € Kont ::= letk(v, e, p, k)



N

i € Kont ::= letk(v, e, p, &)



Store-allocate Kont



Store = Addr — Clo



Store = Addr — Clo + Kont



>, = Exp X Env x Store x Kont



> = Exp x Env x Store x Addr
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k € Kont ::= letk(v, e, p,k)




k € Kont ::= letk(v, e, p,a)



(|[(f %)]]7107 0, a//i) = (67,0,,0'/,&,{), where
([N vy .. v,) call)], p) = A(f, p, o)
p’ = p'lvi = a;]
o' =ola; — Ale;, p,0)]

a; = alloc(v;, .. .)



(e, p,0,a,) = (e,p",0',a.), where
letk(v, e, p',a.) = o(a)
p" = p'lval
o' = ola— A(a,p,o)]

a = alloc(v, .. .)



([(let (v call)) €], p,0,a,) = (call,p,o’,a’.), where
o' = olal. — letk(v,e, p,a.)]

a, = alloc(...)



Structural abstraction



¢ € X = Exp x Env x Store x Addr
p € Env = Var — Addr
o € Store = Addr — Clo + Kont
clo € Clo = Lam x Env
k € Kont ::= letk(v, e, p, a)
- halt

a € Addr is an infinite set




¢ € X = Exp x Env x Store x Addr
p € Env = Var — Addr
o € Store = Addr — Clo + Kont
clo € Clo = Lam x Env
k € Kont ::= letk(v, e, p, a)
- halt
a € Addr is a  finite set




¢ € X = Exp x Env x Store x Addr
p € Env = Var — Addr
o € Store = Addr — P(Clo + Kont)
clo € Clo = Lam x Env
k € Kont ::= letk(v, e, p, a)
- halt
a € Addr is a  finite set




e S = Exp x Env x Store x Addr
5 € Env = Var — Addr
5 € Store = Addr — P(Clo + Kont)
clo € Clo = Lam x Enwv
7 € Kont = letk(v, e, 9, )
- halt
ac Addr isa  finite set




Pushdown!



k € Kont ::= letk(v, e, p, k)
| halt



k € Kont ::= letk(v, e, p, k)
| halt

2= ((v1,e1,01)5 -+ -5 (Uns €ns )



k € Kont = Frame™

¢ € Frame = Var x Exp X Env



c € Conf = Exp X Env x Store X Kont
o € Env = Var — Addr
o € Store = Addr — Clo
clo € Clo = Lam x Env
k € Kont = Frame™
¢ € Frame = Var x Exp X Env

a € Addr 1s an infinite set of addresses



¢ € Conf = Exp X Env x Store x Kont
p E FEnv = Var — Addr

/\

(AfGStO're:A/dE“%P(E’E)

@E@:Lamxm

/\*

kK € Kont = Frame

iéme:Vaerxpxm

a € Addr 1s a finite set of addresses



¢ € Conf = Exp X Env x Store x Kont
p E FEnv = Var — Addr

/\

(AfGStO’re:A/dE“%P(E%)

@E@:Lamxm

/\*

kK € Kont = Frame

@EF/mHe:Vaerxpxm

a € Addr 1s a finite set of addresses



It's pushdown!



¢ € Conf = Exp X Env x Store x Kont



control states stack
/_/_ /-/\

¢ € Conf = Exp X Env x Store x Kont



Control-state reachability
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Advantage!



Matches returns to calls.
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abstract

unabstract







Tak!

More in ICFP 2010, SAS 2010, Scheme 2010, SAS 201 |



