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Why small steps?



“Read my diss.”

-Olin



“Fix Chapter 8.”

-Olin



I’m not smart enough.



The Law of Jones



Jones



Jones, 2006



Jones, 2006-25



(Jones, 1981)



Today

•  Small steps

•  Using CPS

•  Using ANF



Today

•  k-CFA

•  Advances



Small-step analysis?



Small-step semantics
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Small-step semantics
• Convert program e into machine state s0

e

s0



Small-step semantics
• Convert program e into machine state s0

• Transition from state sn to state sn+1

e

s0 s1 s2 s3 s4 ...
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Abstract semantics
e

s0 s1 s2 s3 s4 ...

ŝ0 ŝ1 ŝ2 ŝ3 ŝ4
ŝ3.1

Theorem: The abstract simulates the concrete.
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Infinite state-space

Small-step analysis...



Infinite state-space

Small-step analysis...

Finite state-space

α



...is bounded graph search.



...is bounded graph search.

Finite state-space



...is bounded graph search.

Finite state-space

*

* Unless you do pushdown analysis.







Components of small-step



1 Small-step analysis

()) ✓ ⌃⇥ ⌃

(;) ✓ ˆ

⌃⇥ ˆ

⌃

L = P (⌃)

2 CPS

v 2 Var is a set of variables

lam 2 Lam ::= (� (v1 . . . vn) call)

f,æ 2 AExp ::= v | lam
call 2 Call ::= (f æ1 . . .æn)

2.1 Concrete semantics

& 2 ⌃ ::= Call⇥ Env

⇢ 2 Env = Var ! Clo

clo 2 Clo = Lam⇥ Env

A : AExp⇥ Env ! Clo

A(v, ⇢) = ⇢(v)

A(lam, ⇢) = (lam, ⇢)

I : Call ! ⌃

I(call) = (call , [])

([[(f æ1 . . .æn)]], ⇢) ) (call , ⇢), where

([[(� (v1 . . . vn) call)]], ⇢0) = A(f, ⇢)

⇢00 = ⇢0[vi 7! A(æi, ⇢)]

2.2 Structural abstraction

1
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CPS: Small steps for free



Map check

• Develop CPS

• Abstract CPS

• Shivers’s k-CFA
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{↵(�(a))}

↵(lam, ⇢) = {(lam,↵(⇢))}
↵(a) is to be continued...

3

([[(f æ1 . . .æn)]], ⇢,�) ) (call , ⇢00,�0
), where

([[(� (v1 . . . vn) call)]], ⇢0,�) = A(f, ⇢,�)

⇢00 = ⇢0[vi 7! ai]

�0
= �[ai 7! A(æi, ⇢,�)]

ai = alloc(vi,�)

↵ : ⌃ ! ˆ

⌃

↵(call , ⇢,�) = (call ,↵(⇢),↵(�))

↵(⇢) = �v.↵(⇢(v))

↵(�) = �â.
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{↵(�(a))}

↵(lam, ⇢) = {(lam,↵(⇢))}
↵(a) is to be continued...

3

([[(f æ1 . . .æn)]], ⇢,�) ) (call , ⇢00,�0
), where

([[(� (v1 . . . vn) call)]], ⇢0,�) = A(f, ⇢,�)

⇢00 = ⇢0[vi 7! ai]

�0
= �[ai 7! A(æi, ⇢,�)]

ai = alloc(vi,�)

↵ : ⌃ ! ˆ

⌃

↵(call , ⇢,�) = (call ,↵(⇢),↵(�))

↵(⇢) = �v.↵(⇢(v))

↵(�) = �â.
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{↵(�(a))}

↵(lam, ⇢) = {(lam,↵(⇢))}
↵(a) is to be continued...

3

([[(f æ1 . . .æn)]], ⇢,�) ) (call , ⇢00,�0
), where

([[(� (v1 . . . vn) call)]], ⇢0,�) = A(f, ⇢,�)

⇢00 = ⇢0[vi 7! ai]

�0
= �[ai 7! A(æi, ⇢,�)]

ai = alloc(vi,�)

↵ : ⌃ ! ˆ

⌃

↵(call , ⇢,�) = (call ,↵(⇢),↵(�))

↵(⇢) = �v.↵(⇢(v))

↵(�) = �â.
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{↵(�(a))}

↵(lam, ⇢) = {(lam,↵(⇢))}
↵(a) is to be continued...

3

([[(f æ1 . . .æn)]], ⇢,�) ) (call , ⇢00,�0
), where

([[(� (v1 . . . vn) call)]], ⇢0,�) = A(f, ⇢,�)

⇢00 = ⇢0[vi 7! ai]

�0
= �[ai 7! A(æi, ⇢,�)]

ai = alloc(vi,�)

↵ : ⌃ ! ˆ

⌃

↵(call , ⇢,�) = (call ,↵(⇢),↵(�))

↵(⇢) = �v.↵(⇢(v))

↵(�) = �â.
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{↵(�(a))}

↵(lam, ⇢) = {(lam,↵(⇢))}
↵(a) is to be continued...

3

([[(f æ1 . . .æn)]], ⇢,�) ) (call , ⇢00,�0
), where

([[(� (v1 . . . vn) call)]], ⇢0,�) = A(f, ⇢,�)

⇢00 = ⇢0[vi 7! ai]

�0
= �[ai 7! A(æi, ⇢,�)]

ai = alloc(vi,�)

↵ : ⌃ ! ˆ

⌃

↵(call , ⇢,�) = (call ,↵(⇢),↵(�))

↵(⇢) = �v.↵(⇢(v))

↵(�) = �â.
G

↵(a)=â
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([[(f æ1 . . .æn)]], ⇢̂, �̂) ; (call , ⇢̂

00
, �̂

0
), where

([[(� (v1 . . . vn) call)]], ⇢̂0) 2 ˆA(f, ⇢̂, �̂)

⇢̂

00
= ⇢̂

0
[vi 7! âi]

�̂

0
= �̂ t [âi 7! ˆA(æi, ⇢̂, �̂)]

âi =
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alloc(vi, �̂)
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↵(a) is to be continued...

2.4 Time-stamped concrete semantics

& 2 ⌃ = Call⇥ Env ⇥ Store ⇥ Time

⇢ 2 Env = Var ! Addr

clo 2 Clo = Lam⇥ Env

� 2 Store = Addr ! Clo

a 2 Addr is an infinite set

t 2 Time is an infinite set of times.

&z }| {
([[(f æ1 . . .æn)]], ⇢,�, t) ) (call , ⇢

00
,�

0
, t

0
), where

clo = A(f, ⇢,�)

([[(� (v1 . . . vn) call)]], ⇢0) = clo

⇢

00
= ⇢

0
[vi 7! ai]

�

0
= �[ai 7! A(æi, ⇢,�)]

t

0
= tick(clo, &)

ai = alloc(vi, t
0
, clo, &)
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2.3 Abstract semantics

&̂ 2 ˆ

⌃ = Call⇥ d
Env ⇥ [

Store

⇢̂ 2 d
Env = Var ! Addr

c
clo 2 d

Clo = Lam⇥ d
Env

�̂ 2 [
Store =

[
Addr ! d

Clo

a 2 Addr is an infinite set.

ˆA : AExp⇥ d
Env ⇥ [
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⇣
d
Clo

⌘

ˆA(v, ⇢̂, �̂) = �̂(⇢̂(v))
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Allocation
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↵ : ⌃ ! ˆ

⌃

↵(call , ⇢,�) = (call ,↵(⇢),↵(�))
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↵(�) = �â.

G

↵(a)=â

{↵(�(a))}

↵(lam, ⇢) = {(lam,↵(⇢))}
↵(a) is to be continued...
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G

↵(a)=â
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âi =
[
alloc(vi, �̂)

↵ : ⌃ ! ˆ

⌃

↵(call , ⇢,�) = (call ,↵(⇢),↵(�))

↵(⇢) = �v.↵(⇢(v))

↵(�) = �â.
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2.5 Time-stamped abstract semantics
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⇣
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â 2 [
Addr is a finite set.

ˆ

t 2 \
Time is a finite set.

ˆA : AExp⇥ d
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d
Clo

⌘
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âi =
[
alloc(vi, �̂)

↵ : ⌃ ! ˆ

⌃

↵(call , ⇢,�, t) = (call ,↵(⇢),↵(�),↵(t))

↵(⇢) = �v.↵(⇢(v))

↵(�) = �â.

G

↵(a)=â
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↵(a) determines polyvariance

↵(t) determines context-sensitivity
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Context-sensitivity:

Polyvariance:
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2.6 k-CFA

Time = Call
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Addr = Var ⇥ Time
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\
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k

d
tick(

c
clo, (call , . . . ,

ˆ

t)) = call :

ˆ

t

[
Addr = Var ⇥\

Time

[
alloc(vi, ˆt,

c
clo, &̂) = (vi, ˆt)
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⇤
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Addr = Var ⇥ Time

alloc(vi, t, clo, &) = (vi, t)

\
Time = Call
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c
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c
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Complexity: k-CFA



f̂(Ŝ) = {&̂0} [ {&̂ 0 | &̂  &̂ 0 and &̂ 2 Ŝ}is monotonic



f : L̂ ! L̂f̂(Ŝ) = {&̂0} [ {&̂ 0 | &̂  &̂ 0 and &̂ 2 Ŝ}
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A state-wise abstraction map ↵ : ⌃ ! ⌃̂ formally relates the
concrete state-space to the abstract state-space:

↵(call , �, �, t) = (call , ↵(�), ↵(�), ↵(t))

↵(�) = �v.↵(�(v))

↵(�) = �â.

G

↵(a)=â

↵(�(a))

↵(lam, �) = {(lam, ↵(�))}

↵(a) is fixed by [
alloc ↵(t) is fixed by d

tick.

We cannot choose an abstraction for addresses and time-stamps
until we have chosen the sets Time , \

Time , Addr and [
Addr .

The initial abstract state for a program call is the direct abstrac-
tion of the initial concrete state:

&̂0 = ↵(&0) = (call ,?,?, ↵(t0)).

The abstract semantics has an expression evaluator:
Ê : Exp⇥ \BEnv ⇥ [Store ! D̂

Ê(v, �̂, �̂) = �̂(�̂(v)) Ê(lam, �̂, �̂) = {(lam, �̂)}.

The abstract transition relation (;) ✓ ⌃̂ ⇥ ⌃̂ mimics its
concrete counterpart as well; when call = [[(f e1 . . . e

n

)

`]]:

(call , �̂, �̂, t̂) ; (call 0, �̂00, �̂0, t̂0), where
(lam, �̂

0) 2 Ê(f, �̂, �̂) d̂

i

= Ê(e
i
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lam = [[(� (v1 . . . v
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0
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â

i
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i

, t̂

0) �̂
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0[v
i
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i

]
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0 = �̂ t [â
i

7! d̂

i

].

Notable differences are the fact that this rule is non-deterministic
(it branches to every abstract closure to which the function f eval-
uates), and that every abstract address could represent several con-
crete addresses, which means that additions to the store must be
performed with a join operation (t) rather than an extension. There
are also external parameters for the abstract semantics correspond-
ing to the external parameters of the concrete semantics:

d

tick : Call⇥\Time ! \Time

[
alloc : Var ⇥\Time ! [Addr

The dtick function allocates an abstract time, which is allowed to
be an abstract time which has been allocated previously; the allo-
cator [alloc is similarly allowed to re-allocate previously-allocated
addresses.

3.5 Constraints from soundness

The standard soundness theorem requires that the abstract seman-
tics simulate the concrete semantics; the key inductive step shows
simulation across a single transition:

Theorem 3.1. If & ) & 0 and ↵(&) v &̂ , then there must exist an
abstract state &̂ 0 such that: &̂ ) &̂ 0 and ↵(& 0) v &̂ 0.

The proof reduces to two lemmas which must be proved for
every choice of the sets Time , \

Time , Addr and [
Addr :

Lemma 3.2. If ↵(t) v t̂, then ↵(tick(call , t)) v dtick(call , t̂).

Lemma 3.3. If ↵(t) v t̂, then ↵(alloc(v, t)) v [alloc(v, t̂).

3.5.1 The k-CFA solution

k-CFA represents one solution to the Simulation Lemmas 3.2 and
3.3. In k-CFA, a concrete time-stamp is the sequence of call sites
traversed since the start of the program; an abstract time-stamp is
the last k call sites. An address is a variable plus its binding time:

Time = Call⇤ \Time = Callk

Addr = Var ⇥ Time [Addr = Var ⇥\Time.

In theory, k-CFA is able to distinguish up to |Call|k instances
(variants) of each variable—one for each invocation context. Of
course, in practice, each variable tends to be bound in only a small
fraction of all possible invocation contexts. Under this allocation
regime, the external parameters are easily fixed:

tick(call , t) = call : t

d

tick(call , t̂) = first
k

(call : t̂)

alloc(v, t) = (v, t) [
alloc(v, t̂) = (v, t̂),

which leaves only one possible choice for the abstraction maps:
↵(t) = first

k

(t) ↵(v, t) = (v, ↵(t)).

In technical terms, dtick determines the context-sensitivity of the
analysis, and [alloc determines its polyvariance.

3.6 Computing k-CFA na

¨

ıvely

k-CFA can be computed naı̈vely by finding the set of reachable
states. The “system-space” for this approach is a set of states:

⇠̂ 2 ⌅̂ = P
“

⌃̂
”

.

The transfer function for this system-space is f̂ : ⌅̂! ⌅̂:
f̂(⇠̂) = {&̂0 : &̂ 2 ⇠̂ and &̂ ; &̂

0} [ {&̂0} .

The size of the state-space bounds the complexity of naı̈ve k-CFA:3
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⇥

|\Time|
z }| {

|Call|k

Even for k = 0, this method is deeply exponential, rather than the
expected cubic time more commonly associated with 0CFA.

3.7 Computing k-CFA with a single-threaded store

Shivers’s technique for making k-CFA more efficient uses one store
to represent all stores. Any set of stores may be conservatively ap-
proximated by their least-upper-bound. Under this approximation,
the system-space needs only one store:

⌅̂ = P
“

Call⇥ \BEnv ⇥\Time
”

⇥ [Store .

Over this system-space, the transfer function becomes:
f̂(Ĉ, �̂) = (Ĉ [ Ĉ
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0
o
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n

ĉ : (ĉ, �̂) 2 Ŝ

0
o

�̂

0 =
G

(ĉ,�̂)2Ŝ

0

�̂.

[This formulation of the transfer function assumes that the store
grows monotonically across transition, i.e., that (. . . , �̂, t̂) ;
(. . . , �̂0, t0) implies �̂ v �̂0.]

To compute the complexity of this analysis, note the isomor-
phism in the system-space:

⌅̂ ⇠=
“

Call ! P
“

\BEnv ⇥\Time
””

⇥
“

[Addr ! P
“

dClo
””

,

Because the function f̂ is monotonic, the height of the lattice ⌅̂:
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|d
Clo|

z }| {
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3 Because [
alloc(v, t) = (v, t), we could encode every binding environ-

ment with a map from variables to just times, so that, effectively, |\BEnv | =

|Var *

\Time| = |\Time||Var| = |Call|k⇥|Var|.
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Ê : Exp⇥ \BEnv ⇥ [Store ! D̂
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(ĉ,�̂)2Ŝ
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tion of the initial concrete state:

&̂0 = ↵(&0) = (call ,?,?, ↵(t0)).

The abstract semantics has an expression evaluator:
Ê : Exp⇥ \BEnv ⇥ [Store ! D̂

Ê(v, �̂, �̂) = �̂(�̂(v)) Ê(lam, �̂, �̂) = {(lam, �̂)}.

The abstract transition relation (;) ✓ ⌃̂ ⇥ ⌃̂ mimics its
concrete counterpart as well; when call = [[(f e1 . . . e

n

)

`]]:

(call , �̂, �̂, t̂) ; (call 0, �̂00, �̂0, t̂0), where
(lam, �̂

0) 2 Ê(f, �̂, �̂) d̂

i

= Ê(e
i

, �̂, �̂)

lam = [[(� (v1 . . . v

n

) call 0)`

0
]] t̂

0 = d

tick(call , t̂)

â

i

= [
alloc(v

i

, t̂

0) �̂

00 = �̂

0[v
i

7! â

i

]

�̂

0 = �̂ t [â
i

7! d̂

i

].

Notable differences are the fact that this rule is non-deterministic
(it branches to every abstract closure to which the function f eval-
uates), and that every abstract address could represent several con-
crete addresses, which means that additions to the store must be
performed with a join operation (t) rather than an extension. There
are also external parameters for the abstract semantics correspond-
ing to the external parameters of the concrete semantics:

d

tick : Call⇥\Time ! \Time

[
alloc : Var ⇥\Time ! [Addr

The dtick function allocates an abstract time, which is allowed to
be an abstract time which has been allocated previously; the allo-
cator [alloc is similarly allowed to re-allocate previously-allocated
addresses.

3.5 Constraints from soundness

The standard soundness theorem requires that the abstract seman-
tics simulate the concrete semantics; the key inductive step shows
simulation across a single transition:

Theorem 3.1. If & ) & 0 and ↵(&) v &̂ , then there must exist an
abstract state &̂ 0 such that: &̂ ) &̂ 0 and ↵(& 0) v &̂ 0.

The proof reduces to two lemmas which must be proved for
every choice of the sets Time , \

Time , Addr and [
Addr :

Lemma 3.2. If ↵(t) v t̂, then ↵(tick(call , t)) v dtick(call , t̂).

Lemma 3.3. If ↵(t) v t̂, then ↵(alloc(v, t)) v [alloc(v, t̂).

3.5.1 The k-CFA solution

k-CFA represents one solution to the Simulation Lemmas 3.2 and
3.3. In k-CFA, a concrete time-stamp is the sequence of call sites
traversed since the start of the program; an abstract time-stamp is
the last k call sites. An address is a variable plus its binding time:

Time = Call⇤ \Time = Callk

Addr = Var ⇥ Time [Addr = Var ⇥\Time.

In theory, k-CFA is able to distinguish up to |Call|k instances
(variants) of each variable—one for each invocation context. Of
course, in practice, each variable tends to be bound in only a small
fraction of all possible invocation contexts. Under this allocation
regime, the external parameters are easily fixed:

tick(call , t) = call : t

d

tick(call , t̂) = first
k

(call : t̂)

alloc(v, t) = (v, t) [
alloc(v, t̂) = (v, t̂),

which leaves only one possible choice for the abstraction maps:
↵(t) = first

k

(t) ↵(v, t) = (v, ↵(t)).

In technical terms, dtick determines the context-sensitivity of the
analysis, and [alloc determines its polyvariance.

3.6 Computing k-CFA na

¨

ıvely

k-CFA can be computed naı̈vely by finding the set of reachable
states. The “system-space” for this approach is a set of states:

⇠̂ 2 ⌅̂ = P
“

⌃̂
”

.

The transfer function for this system-space is f̂ : ⌅̂! ⌅̂:
f̂(⇠̂) = {&̂0 : &̂ 2 ⇠̂ and &̂ ; &̂

0} [ {&̂0} .

The size of the state-space bounds the complexity of naı̈ve k-CFA:3

|Call|⇥

|\BEnv|
z }| {

|Call|k⇥|Var|⇥

| [
Store|

z }| {

“

2|Lam|⇥|Call|k⇥|Var|”|Var|⇥|Call|k
⇥

|\Time|
z }| {

|Call|k

Even for k = 0, this method is deeply exponential, rather than the
expected cubic time more commonly associated with 0CFA.

3.7 Computing k-CFA with a single-threaded store

Shivers’s technique for making k-CFA more efficient uses one store
to represent all stores. Any set of stores may be conservatively ap-
proximated by their least-upper-bound. Under this approximation,
the system-space needs only one store:

⌅̂ = P
“

Call⇥ \BEnv ⇥\Time
”

⇥ [Store .

Over this system-space, the transfer function becomes:
f̂(Ĉ, �̂) = (Ĉ [ Ĉ

0
, �̂

0)

Ŝ

0 =
n

&̂

0 : ĉ 2 Ĉ and (ĉ, �̂) ; &̂

0
o

Ĉ

0 =
n

ĉ : (ĉ, �̂) 2 Ŝ

0
o

�̂

0 =
G

(ĉ,�̂)2Ŝ

0

�̂.

[This formulation of the transfer function assumes that the store
grows monotonically across transition, i.e., that (. . . , �̂, t̂) ;
(. . . , �̂0, t0) implies �̂ v �̂0.]

To compute the complexity of this analysis, note the isomor-
phism in the system-space:

⌅̂ ⇠=
“

Call ! P
“

\BEnv ⇥\Time
””

⇥
“

[Addr ! P
“

dClo
””

,

Because the function f̂ is monotonic, the height of the lattice ⌅̂:

|Call|⇥

|\BEnv|
z }| {

|Call|k⇥|Var|⇥

|\Time|
z }| {

|Call|k

+

| [
Addr|

z }| {

|Var|⇥ |Call|k ⇥

|d
Clo|

z }| {

|Lam|⇥ |Call|k⇥|Var| ,

3 Because [
alloc(v, t) = (v, t), we could encode every binding environ-

ment with a map from variables to just times, so that, effectively, |\BEnv | =

|Var *

\Time| = |\Time||Var| = |Call|k⇥|Var|.
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2.6 k-CFA

Time = Call

⇤

tick(clo, (call , . . . , t)) = call : t

Addr = Var ⇥ Time

alloc(vi, t, clo, &) = (vi, t)

\
Time = Call

k

d
tick(

c
clo, (call , . . . ,

ˆ

t)) = bcall : ˆtck
[
Addr = Var ⇥\

Time

[
alloc(vi, ˆt,

c
clo, &̂) = (vi, ˆt)

2.7 Widening/re-abstraction

ˆ

L = P(

ˆ

⌃)

= P(Call⇥ d
Env ⇥ [

Store ⇥\
Time)

� P(Call⇥ d
Env ⇥\

Time)⇥ [
Store

=

ˆ

L

0

↵

0
:

ˆ

L ! ˆ

L

0

↵

0 �
(call1, ⇢̂1, �̂1, ˆt1), . . . , (calln, ⇢̂n, �̂n, ˆtn)

 

= (

�
(call1, ⇢̂1, ˆt1), . . . , (calln, ⇢̂n, ˆtn)

 
,

G

i

�̂i)

2.8 Conditionals

2.9 Side e↵ects

Call ::= . . .

| (set!-then v æ call)

5



&z }| {
([[(set!-then v æ call)]], ⇢,�, t) ) (call , ⇢,�

0
, t

0
), where

�

0
= �[a 7! A(æ, ⇢,�)]

t

0
= tickset(&)

a = ⇢(v)
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&z }| {
([[(set!-then v æ call)]], ⇢,�, t) ) (call , ⇢,�

0
, t

0
), where

�

0
= �[a 7! A(æ, ⇢,�)]

t

0
= tickset(&)

a = ⇢(v)

&̂z }| {
([[(set!-then v æ call)]], ⇢̂, �̂, ˆt) ) (call , ⇢̂, �̂

0
,

ˆ

t

0
), where

�̂

0
= �̂ t [â 7! ˆA(æ, ⇢̂, �̂)]

ˆ

t

0
=

d
tickset(&̂)

â = ⇢̂(v)

6
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&z }| {
([[(set!-then v æ call)]], ⇢,�, t) ) (call , ⇢,�

0
, t

0
), where

�

0
= �[a 7! A(æ, ⇢,�)]

t

0
= tickset(&)

a = ⇢(v)

&̂z }| {
([[(set!-then v æ call)]], ⇢̂, �̂, ˆt) ) (call , ⇢̂, �̂

0
,

ˆ

t

0
), where

�̂

0
= �̂ t [â 7! ˆA(æ, ⇢̂, �̂)]

ˆ

t

0
=

d
tickset(&̂)

â = ⇢̂(v)

2.10 Recursion

Call ::= . . .

| (letrec ((v1 lam1) · · · (vn lamn)) call)

&z }| {
([[(letrec ( · · · (vi lami) · · · ) call)]]⇢,�, t) ) (call , ⇢

0
,�

0
, t

0
), where

cloi = A(æi, ⇢,�)

⇢

0
= ⇢

0
[vi 7! ai]

�

0
= �[ai 7! A(lami, ⇢,�)]

t

0
= tick(clo, &)

ai = allocletrec(vi, lami, t
0
&)

2.11 Garbage collection

2.12 Abstract counting

3 A-Normal Form
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&z }| {
([[(set!-then v æ call)]], ⇢,�, t) ) (call , ⇢,�

0
, t

0
), where

�

0
= �[a 7! A(æ, ⇢,�)]

t

0
= tickset(&)

a = ⇢(v)

&̂z }| {
([[(set!-then v æ call)]], ⇢̂, �̂, ˆt) ) (call , ⇢̂, �̂

0
,

ˆ

t

0
), where

�̂

0
= �̂ t [â 7! ˆA(æ, ⇢̂, �̂)]

ˆ

t

0
=

d
tickset(&̂)

â = ⇢̂(v)

2.10 Recursion

Call ::= . . .

| (letrec ((v1 lam1) · · · (vn lamn)) call)

&z }| {
([[(letrec ( · · · (vi lami) · · · ) call)]], ⇢,�, t) ) (call , ⇢

0
,�

0
, t

0
), where

t

0
= tickletrec(&)

ai = allocletrec(vi, lami, t
0
, &)

⇢

0
= ⇢[vi 7! ai]

cloi = A(lami, ⇢
0
,�)

�

0
= �[ai 7! clo

0
i]

&̂z }| {
([[(letrec ( · · · (vi lami) · · · ) call)]], ⇢̂, �̂, ˆt) ; (call , ⇢̂

0
, �̂

0
,

ˆ

t

0
), where

ˆ

t

0
=

d
tickletrec(&̂)

âi =
[
allocletrec(vi, lami, ˆt

0
, &̂)

⇢̂

0
= ⇢̂[vi 7! âi]

c
cloi =

ˆA(lami, ⇢̂
0
, �̂)

�̂

0
= �̂ t [âi 7! {cclo

0
i}]
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&̂
z }| {

([[(letrec ( · · · (vi lami) · · · ) call)]], ⇢̂, �̂, ˆt) ; (call , ⇢̂

0
, �̂

0
,

ˆ

t

0
), where

ˆ

t

0
=

d

tickletrec(&̂)

âi =
[
allocletrec(vi, lami, ˆt

0
, &̂)

⇢̂

0
= ⇢̂[vi 7! âi]

c

cloi =
ˆA(lami, ⇢̂

0
, �̂)

�̂

0
= �̂ t [âi 7! {ccloi}]

2.11 Garbage collection

2.11.1 Concrete gargbage collection

� : ⌃ ! ⌃

�

&
z }| {

(call , ⇢,�) = (call , ⇢,�|Reachable(&))

Root : ⌃ ! P(Addr)

Root(call , ⇢,�) = range(⇢)

Reachable

&
z }| {

(call , ⇢,�) =

n

a

0
: a0 2 Root(&) and a0

⇤7�!
�

a

0
o

a 7�!
�

a

0
i↵ (lam, ⇢) = �(a) and a

0 2 range(⇢)

2.11.2 Abstract gargbage collection

ˆ

� :

ˆ

⌃ ! ˆ

⌃

ˆ

�

&̂
z }| {

(call , ⇢̂, �̂) = (call , ⇢̂, �̂|Reachable(&̂))
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Steps

• ?
• Kill zombies.

• Profit.





& 0& & 00 & 000 & 0000



& 0

&

& 00

& 000

& 0000
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0
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0 2 range(⇢)

2.12 Abstract counting

3 A-Normal Form
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⇤7�!̂
�

â
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⇤7�!̂
�

â

0
�

a 7�!
�

a

0
i↵ there exists (lam, ⇢) 2 �(a) such that a

0 2 range(⇢)

2.12 Abstract counting

3 A-Normal Form

7



2.11 Garbage collection

2.11.1 Concrete gargbage collection

� : ⌃ ! ⌃

�

&
z }| {

(call , ⇢,�) = (call , ⇢,�|Reachable(&))

Root : ⌃ ! P(Addr)

Root(call , ⇢,�) = range(⇢)

Reachable

&
z }| {

(call , ⇢,�) =

n

a

0
: a0 2 Root(&) and a0

⇤7�!
�

a

0
o

a 7�!
�

a

0
i↵ (lam, ⇢) = �(a) and a

0 2 range(⇢)

2.11.2 Abstract gargbage collection

ˆ

� :

ˆ

⌃ ! ˆ

⌃

ˆ

�

&̂
z }| {

(call , ⇢̂, �̂) = (call , ⇢̂, �̂|Reachable(&̂))

Root :

ˆ

⌃ ! P(

[
Addr)

Root(call , ⇢̂, �̂) = range(⇢̂)

Reachable

&̂
z }| {

(call , ⇢̂, �̂) =

⇢

â
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asize {} = 0

asize {x} = 1

asize {x1, x2, . . .} = 1

2.13 Mutation with counting

µ̂(a) = 1

([[(set!-then v æ call)]], ⇢̂, �̂, ˆt, µ̂) ; (call , ⇢̂, �̂

0
,

ˆ

t

0
, µ̂)

, where

�̂

0
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e 2 Exp ::= (let ((v call)) e) [non-tail call]

| call [tail call]

| æ [return]

f,æ 2 AExp ::= v | lam [atomic expressions]

lam 2 Lam ::= (� (v) e) [lambda terms]

call 2 Call ::= (f æ) [applications]

v 2 Var is a set of identifiers [variables].
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3.1 Concrete semantics: CESK

& 2 ⌃ = Exp⇥ Env ⇥ Store ⇥Kont [configurations]

⇢ 2 Env = Var * Addr [environments]

� 2 Store = Addr ! Clo [stores]

clo 2 Clo = Lam⇥ Env [closures]

 2 Kont ::= letk(v, e, ⇢,) [continuations]

| halt

a 2 Addr is an infinite set of addresses [addresses].
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3.3 Abstract semantics:

\
CESK

?

&̂ 2 ˆ

⌃ = Exp⇥ d

Env ⇥ [
Store ⇥ [

Addr [states]

⇢̂ 2 d

Env = Var *

[
Addr [environments]

�̂ 2 [
Store =

[
Addr ! P(

d

Clo +

[
Kont) [stores]

c

clo 2 d

Clo = Lam⇥ d

Env [closures]

̂ 2 [
Kont ::= letk(v, e, ⇢̂, â) [continuations]

| halt

â 2 [
Addr is a finite set of addresses [addresses].
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Pushdown



• For the transitive closure:

c
∗!−→
M

c′ iff c !g!−→
M

c′ for some action string !g .

Note Some texts define the transition relation δ so that δ ⊆
Q×Γ×Q×Γ∗. In these texts, (q, γ, q′,!γ) ∈ δ means, “if in control
state q while the character γ is on top, pop the stack, transition
to control state q′ and push !γ.” Clearly, we can convert between
these two representations by introducing extra control states to our
representation when it needs to push multiple characters.

2.4 Rooted pushdown systems
A rooted pushdown system is a quadruple (Q,Γ, δ, q0) in which
(Q,Γ, δ) is a pushdown system and q0 ∈ Q is an initial (root) state.
RPDS is the class of all rooted pushdown systems.

For a rooted pushdown system M = (Q,Γ, δ, q0), we define a
the root-reachable transition relation:

c
g!−→−→
M

c′ iff (q0, 〈〉) ∗!−→
M

c and c
g!−→
M

c′.

In other words, the root-reachable transition relation also makes
sure that the root control state can actually reach the transition.

We overload the root-reachable transition relation to operate on
control states as well:

q
g!−→−→
M

q′ iff (q,!γ) g!−→−→
M

(q′,!γ ′) for some stacks !γ,!γ ′.

For both root-reachable relations, if we elide the stack-action label,
then, as in the un-rooted case, the transition holds if there exists
some stack action that enables the transition:

q !−→−→
M

q′ iff q g!−→−→
M

q′ for some action g.

2.5 Pushdown automata
A pushdown automaton is a generalization of a rooted pushdown
system, a 7-tuple (Q,Σ,Γ, δ, q0, F,!γ) in which:

1. Σ is an input alphabet;
2. δ ⊆ Q× Γ± × (Σ ∪ {ε})×Q is a transition relation;
3. F ⊆ Q is a set of accepting states; and
4. !γ ∈ Γ∗ is the initial stack.

We use PDA to denote the class of all pushdown automata.
Pushdown automata recognize languages over their input al-

phabet. To do so, their transition relation may optionally con-
sume an input character upon transition. Formally, a PDA M =
(Q,Σ,Γ, δ, q0, F,!γ) recognizes the language L(M) ⊆ Σ∗:

ε ∈ L(M) if q0 ∈ F

aw ∈ L(M) if δ(q0, γ+, a, q′) and w ∈ L(Q,Σ,Γ, δ, q′, F, γ : !γ)

aw ∈ L(M) if δ(q0, ε, a, q′) and w ∈ L(Q,Σ,Γ, δ, q′, F,!γ)

aw ∈ L(M) if δ(q0, γ−, a, q′) and w ∈ L(Q,Σ,Γ, δ, q′, F,!γ′)

where !γ = 〈γ, γ2, . . . , γn〉 and !γ′ = 〈γ2, . . . , γn〉,

where a is either the empty string ε or a single character.

3. Setting: A-Normal Form λ-calculus
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to analyze programs in A-Normal Form, however this is strictly a
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requires that all arguments to a function be atomic:
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E(e) = {c : I(e)⇒∗ c} .

Transition relation To define the transition c⇒ c′, we need three
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Non-tail call pushes a frame onto the stack and evaluates the call:
c︷ ︸︸ ︷

([[(let ((v call)) e)]], ρ,σ,κ)⇒

c′︷ ︸︸ ︷
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c′︷ ︸︸ ︷
(e, ρ′′,σ′,κ) , where

a = alloc(v, c)

ρ′′ = ρ′[v "→ a]

σ′ = σ[a "→ A(æ, ρ,σ)].

Allocation The address-allocation function is an opaque param-
eter in this semantics. We have done this so that the forthcoming
abstract semantics may also parameterize allocation, and in so do-
ing provide a knob to tune the polyvariance and context-sensitivity
of the resulting analysis. For the sake of defining the concrete se-
mantics, letting addresses be natural numbers suffices, and then the
allocator can choose the lowest unused address:

Addr = N
alloc(v, (e, ρ,σ,κ)) = 1 +max(dom(σ)).

4. An infinite-state abstract interpretation
Our goal is to statically bound the higher-order control-flow of the
CESK machine of the previous section. So, we are going to conduct
an abstract interpretation.

Since we are concerned with return-flow precision, we are go-
ing to abstract away less information than we normally would.
Specifically, we are going to construct an infinite-state abstract in-
terpretation of the CESK machine by leaving its stack unabstracted.
(With an infinite-state abstraction, the usual approach for comput-
ing the static analysis—exploring the abstract configurations reach-
able from some initial configuration—simply will not work. Sub-
sequent sections focus on finding an algorithm that can compute a
finite representation of the reachable abstract configurations of the
abstracted CESK machine.)

For the abstract interpretation of the CESK machine, we need
an abstract configuration-space (Figure 1). To construct one, we
force addresses to be a finite set, but crucially, we leave the stack
untouched. When we compact the set of addresses into a finite
set, the machine may run out of addresses to allocate, and when
it does, the pigeon-hole principle will force multiple closures to
reside at the same address. As a result, we have no choice but to
force the range of the store to become a power set in the abstract
configuration-space. To construct the abstract transition relation,
we need five components analogous to those from the concrete
semantics.

Program injection The abstract injection function Î : Exp →
Ĉonf pairs an expression with an empty environment, an empty
store and an empty stack to create the initial abstract configuration:

ĉ0 = Î(e) = (e, [], [], 〈〉).

Atomic expression evaluation The abstract atomic expression
evaluator, Â : Atom× Ênv × Ŝtore → P(Ĉlo), returns the value
of an atomic expression in the context of an environment and a
store; note how it returns a set:

Â(lam, ρ̂, σ̂) = {(lam, ρ)} [closure creation]

Â(v, ρ̂, σ̂) = σ̂(ρ̂(v)) [variable look-up].

Reachable configurations The abstract program evaluator Ê :
Exp → P(Ĉonf ) returns all of the configurations reachable from

ĉ ∈ Ĉonf = Exp× Ênv × Ŝtore × K̂ont [configurations]

ρ̂ ∈ Ênv = Var ⇀ Âddr [environments]

σ̂ ∈ Ŝtore = Âddr → P
(
Ĉlo

)
[stores]

ĉlo ∈ Ĉlo = Lam× Ênv [closures]

κ̂ ∈ K̂ont = F̂rame
∗

[continuations]

φ̂ ∈ F̂rame = Var × Exp× Ênv [stack frames]

â ∈ Âddr is a finite set of addresses [addresses].

Figure 1. The abstract configuration-space.

the initial configuration:

Ê(e) =
{
ĉ : Î(e) !∗ ĉ

}
.

Because there are an infinite number of abstract configurations,
a naı̈ve implementation of this function may not terminate. In
Sections 5 through 8, we show that there is a way to compute a
finite representation of this set.

Transition relation The abstract transition relation (!) ⊆
Ĉonf × Ĉonf has three rules, one of which has become non-
deterministic. A tail call may fork because there could be multiple
abstract closures that it is invoking:
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â = âlloc(v, ĉ)

ρ̂′′ = ρ̂′[v "→ â]

σ̂′ = σ̂ ) [â "→ Â(æ, ρ̂, σ̂)].

We define all of the partial orders shortly, but for stores:

(σ̂ ) σ̂′)(â) = σ̂(â) ∪ σ̂′(â).

A non-tail call pushes a frame onto the stack and evaluates the call:
ĉ︷ ︸︸ ︷

([[(let ((v call)) e)]], ρ̂, σ̂, κ̂) !

ĉ′︷ ︸︸ ︷
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â = âlloc(v, ĉ)
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Allocation, polyvariance and context-sensitivity In the abstract
semantics, the abstract allocation function âlloc : Var × Ĉonf →
Âddr determines the polyvariance of the analysis (and, by exten-
sion, its context-sensitivity). In a control-flow analysis, polyvari-
ance literally refers to the number of abstract addresses (variants)
there are for each variable. By selecting the right abstract allocation
function, we can instantiate pushdown versions of classical flow
analyses.

Monovariance: Pushdown 0CFA Pushdown 0CFA uses variables
themselves for abstract addresses:
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(σ̂ ) σ̂′)(â) = σ̂(â) ∪ σ̂′(â).
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Âddr determines the polyvariance of the analysis (and, by exten-
sion, its context-sensitivity). In a control-flow analysis, polyvari-
ance literally refers to the number of abstract addresses (variants)
there are for each variable. By selecting the right abstract allocation
function, we can instantiate pushdown versions of classical flow
analyses.

Monovariance: Pushdown 0CFA Pushdown 0CFA uses variables
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mantics, letting addresses be natural numbers suffices, and then the
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4. An infinite-state abstract interpretation
Our goal is to statically bound the higher-order control-flow of the
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(With an infinite-state abstraction, the usual approach for comput-
ing the static analysis—exploring the abstract configurations reach-
able from some initial configuration—simply will not work. Sub-
sequent sections focus on finding an algorithm that can compute a
finite representation of the reachable abstract configurations of the
abstracted CESK machine.)

For the abstract interpretation of the CESK machine, we need
an abstract configuration-space (Figure 1). To construct one, we
force addresses to be a finite set, but crucially, we leave the stack
untouched. When we compact the set of addresses into a finite
set, the machine may run out of addresses to allocate, and when
it does, the pigeon-hole principle will force multiple closures to
reside at the same address. As a result, we have no choice but to
force the range of the store to become a power set in the abstract
configuration-space. To construct the abstract transition relation,
we need five components analogous to those from the concrete
semantics.

Program injection The abstract injection function Î : Exp →
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Exp → P(Ĉonf ) returns all of the configurations reachable from
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â = âlloc(v, ĉ)
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A function return pops a stack frame:
ĉ︷ ︸︸ ︷

(æ, ρ̂, σ̂, (v, e, ρ̂′) : κ̂) !

ĉ′︷ ︸︸ ︷
(e, ρ̂′′, σ̂′, κ̂) , where

â = âlloc(v, ĉ)

ρ̂′′ = ρ̂′[v "→ â]

σ̂′ = σ̂ ) [â "→ Â(æ, ρ̂, σ̂)].

Allocation, polyvariance and context-sensitivity In the abstract
semantics, the abstract allocation function âlloc : Var × Ĉonf →
Âddr determines the polyvariance of the analysis (and, by exten-
sion, its context-sensitivity). In a control-flow analysis, polyvari-
ance literally refers to the number of abstract addresses (variants)
there are for each variable. By selecting the right abstract allocation
function, we can instantiate pushdown versions of classical flow
analyses.

Monovariance: Pushdown 0CFA Pushdown 0CFA uses variables
themselves for abstract addresses:

ĉ 2 [
Conf =

z }| {
Exp⇥ d

Env ⇥ [
Store ⇥

z }| {
[
Kont

control states stack



Control-state reachability



Thanks!


