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Why small steps!



“Read my diss.”

-Olin



“Fix Chapter 8."

-Olin



I’m not smart enough.



The Law of Jones



Jones



Jones, 2006



Jones, 2006-25



(Jones, 1981)



Today

® Small steps
® Using CPS
® Using ANF



Today

e k-CFA

® Advances



Small-step analysis?



Small-step semantics



Small-step semantics



Small-step semantics

® Convert program e into machine state sy



Small-step semantics

® Convert program e into machine state sy

® Transition from state s, to state S,.1
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Abstract semantics
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Abstract semantics
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Abstract semantics
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S() = S| w— S w— Qo w— Q —
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Theorem: simulates the concrete.















Small-step analysis...
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Infinite state-space



Small-step analysis...

Finite state-space

Infinite state-space



...is bounded graph search.



...is bounded graph search.

Finite state-space



..is bounded graph search’™

Finite state-space

* Unless you do pushdown analysis.
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Components of small-step




































R(s, <) iff a(s)

]












f(S)={%IU{ ¢~ ¢ and ¢ € S}






lfp(f)




SO =

 Af

S

;



CPS: Small steps for free



Map check

® Develop CPS
® Abstract CPS
® Shivers’s k-CFA



v € Var is a set of variables
lam € Lam ::= (A (v1...v,) call)
f,ae € AExp :== v | lam
call € Call := (f &1 ...,)



Y. = Call x Env
Env = Var — Clo
Clo = Lam x Env



¢ € )= (Call x Env
p € Env = Var — Clo
clo € Clo = Lam X Env



A : AExp x Env — Clo



A : AExp x Env — Clo

A(v, p) = p(v)
A(lam, p) = (lam, p)



7 Call = X



7 Call = X

ZL(call) = (call,||)



([C¢f ee1...a.)],p) = (call, p"), where
(JN (1 ...0,) call)]],p’) = A(f, p)
p" = p'lvi = A(ei, p)]



Structural abstraction?



¢ € Y, = (Call x Env
p € Env = Var — Clo
clo € Clo = Lam x Env



ce s = Call x Env
» € Env = Var — Clo

clo € Clo = Lam x Env



¢ € Y, = (Call x Env
p € Env = Var — Clo
clo € Clo = Lam x Env



Env = Var — Clo
Clo = Lam x Env



ar Clo

X Fnuv

Env =

Clo =

d






How to cut the knot!






Scott & Strachey, 1966




Store-passing transform.



¢ € ) = Call x Env
p € Env = Var — Clo
clo € Clo = Lam x Env




¢ € Y = Call x Env
p € Env = Var — Clo
clo € Clo = Lam x Env



¢ e XY = Call x Env x Store
p € Env = Var — (Clo
clo € Clo = Lam x Env



¢ € X = Call x Env x Store
p € Env = Var — (Clo
clo € Clo = Lam x Env
o € Store = Addr —

a € Addr 1s an infinite set.



¢ € X = Call x Env x Store
o € Env = Var —
clo € Clo = Lam x Env
o € Store = Addr — Clo

a € Addr 1s an infinite set.



¢ € X = Call x Env x Store
p € Env = Var — Addr
clo € Clo = Lam x Env
o € Store = Addr — Clo

a € Addr 1s an infinite set.



A : AExp x Env — Clo



A : AExp x Env x Store — Clo



A : AExp x Env x Store — Clo

A(v, p, o)
A(lam, p, o)

o(p(v))

lam, p)



([C¢feer...&)],p,0) = (call, p”,c"), where
([N (i ovp) cald], p') = A(f, p; 0)
p' = p'lvi = aj
o' = ola; — Ale;, p,o)]

a; = alloc(v;, o)



Abstraction






¢ € X = Call x Env x Store
p € Env = Var — Addr
clo € Clo = Lam x Env
o € Store = Addr — Clo

a € Addr 1s an infinite set.



¢ € X = Call x Env x Store
p € Env = Var — Addr
clo € Clo = Lam x Env
o € Store = Addr — Clo

a Eis an infinite set.



¢ € X = Call x Env x Store
p € Env = Var — Addr
clo € Clo = Lam x Env
o € Store = Addr — Clo

a Eis a finite set.



¢ € X = Call x Env x Store
p € Env = Var — Addr
clo € Clo = Lam x Env
o € Store = Addr —P( Clo )
a € Addr is a finite set.



¢ e S = Call x Env x Store
ﬁGE/n\v:Var%A/dE‘
clo € Clo = Lam x Env
& € Store = Addr —P( Clo )
4 € Addr is a finite set.



C D — D



afcall, p, o) =



afcall, p,0) =



a(call, p, o)



acall, p,o) = (call, p, o)



a(call, p,0) = (call, a(p), o)



afcall, p,o) = (call, a(p), a(o))



a(call, p,o) = (call, ap), (o))

a(lam, p) = 1(lam, a(p))}

a(a) is to be continued...



p",0"), where

(ﬂ(f %1---%77/)]]7/67 (
([N (1 ... 0n) calD], p') € ft(f p, o)
pl = p'lvi = a4

~ )
%l

o U [ai — A(%iaﬁv 5-)]

a; = alloc(v;, &)



A:AExpxmxS/ta\m%P(@)



A:AExpxmxS/ta\m%P(@)

A\

A(v, p, )
A(lam, p, )

7 (p(v))
1(lam, p)}



Allocation



AN

a; = alloc(v;, 6)



([Cfeer...2)],p,0) = (call, p”,5"), where
([N vy ... v0) calD], ') = A(f, , 6)

a; = alloc(v;,

>
-

Determines polyvariance



But with what!



o

i

alloc(v;, &



Need enriched concrete



¢ € X = Call x Env x Store
p € Env = Var — Addr
clo € Clo = Lam x Env
o € Store = Addr — Clo

a € Addr is an infinite set



¢ € X = Call x Env x Store x Time
p € Env = Var — Addr
clo € Clo = Lam x Env
o € Store = Addr — Clo
a € Addr is an infinite set

t € Time 1s an infinite set of times.



¢ €Y= Call x Env x Store x Time
p € Env = Var — Addr
clo € Clo = Lam x Env
o € Store = Addr — Clo

a € Addr is an infinite set

t € Time 1s an infinite set of times.

(You might call them contours or histories.)



S
r— —

([Cf ee1...2)],p,0,t) = (call, p”’, 0", t"), where
([N vy ... vp) call)], p') = clo
clo = A(f,p,0)
p'" = p'lvi = a]
o' =ola; — Alae;, p,0)]
t' = tick(clo,<)

a; = alloc(v;,t', clo, )



Abstraction



¢ € X = Call x Env x Store x Time
p € Env = Var — Addr
clo € Clo = Lam x Env
o € Store = Addr — Clo
a € Addr is an infinite set

t € Time 1s an infinite set of times.



¢ € X = Call x Env x Store x Time
p € Env = Var — Addr
clo € Clo = Lam x Env
o € Store = Addr — Clo
a € Addr is a  finite set

t € Time 1s a finite set of times.



——— e ——

fEizCallxmxStOTex T'me
5 € Env = Var — Addr

%E@:Lamxm

/\

6631507“6:@%77(@)

a & Addfr is a finite set.

A

t € Time is a finite set.



afcall, p,o,t) = (call, a(p), a(c), a(t))
a(p) = Av.a(p(v))
a(o) = Aa. | | {a(o(a))}

a(a)=a

a(lam, p) = {(lam; a(p));

a(a) determines polyvariance

a(t) determines context-sensitivity
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S

Context-sensitivity: t'

Polyvariance: g,

call, p”,6',1"), where

6 Ula; — A(aey, p,0)]
tick(clo, <)

alloc(v;, 1, c/l?), $)



k-CFA



Allocation strategy



Time = Call”



Time = Call”

tick(clo, (call,...,t)) = call : t



Addr = Var x Time



Addr = Var x Time

alloc(v;, t, clo, <) = (v;, t)



A

Time = Call®



A

Time = Call®

gc\k'(c/\la, (call,...,t)) = |call : t|}



A/dEr:Varxm



A/dEr:Varxm

/\ N

alloc(v;, 1, c/l?),f) = (v, t)



Complexity






| = |Call



3| = |Calll
x (|Var| x| Call|*)lVar

X

X



Y| = |Call|

x (|Var| x| Ca|||k)\Var|

X (2|Lam‘ X (|Var|x \Call\k)|Var|) 'Var|x|Call|*

X



Y| = |Call|

x (|Var| x| Ca|||k)\Var|

X (2|Lam‘ X (|Var|x \Call\k)|Var|) 'Var|x|Call|*

x |Call|®



Widening/Re-abstraction






[V



[V



[V

/\ /\

P(Call x Env x Store x Time)



[V

D
D

/\ /\

(Call x Env x Store x Time)

/\ /\

(Call x Env x Time) x Store



[V

> 9 3 9

M)>

)
Callxmxgo\rexm)

/\ /\

Call x Env x Time) x Store






ao{(cally, p1,61),..., (calla, pa,62)}

— ({(cally, p1), - .., (calln,ﬁn)},U6i)



Complexity: k-CFA



f IS monotonic






N\ /\

L = P(Call x Env x Time) X Store



/\

P(Call x Env x Time)

Store :W%P(E%)



/\

Call x Env x Time

Clo

]

Addr Store

R o




/\

Call x Env x Time

Clo

Addr




/\

Call x Env x Time

v Vv
Clo
Vv v
Addr 7 7
Vv
v
v




/\

Call x Env x Time

-

Clo| x| Addr]

number of passes



/\

Call x Env x Time

-

Clo| x| Addr]

number of passes



Call| x [Call|F>IVarl s |Call|®
+

|Var| x |Call]® x [Lam]| x |Call|F>[Var]

number of passes



Call| x |Call[F>*IVarl x |Call|

cost per pass



Complexity: OCFA



Call

. [Var| -

Lam




Language features



Side effects



Call ::= ...

| (set!-then v & call)



S
— e

([(set!'-then v & call)], p,o,t) = (call, p,c’,t"), where

o' =ola— Az, p,0)
t' = tickget (<)
a = p(v)



([(set!-then v & call)], p,

Q>

)



Recursion



Call ::= ...

‘ (letrec ((Ul Zaml) T (”Un lamn)) call)



S
——YPYYYYhhh

([(letrec (--- (v; lam;) --+) calD)], p,o,t) = (call,p’,o’,t"), where
t = tiCK1etrec (§)
a; = allocietrec (Vi, lam;, t', <)
p' = plvi = aj]
clo; = A(lam;, p', o)

o' = ola; — clo’]



S

A

~

([(Letrec (--- (v; lam;) -+ -) call)]],ﬁ,&,fsf\» (call, p',6',1"), where

t/ — @letrec (é)

&i — allOCletrec (U’ia lami? 5/7 6)
p' = plvi > a;]
C/\ZOi — »/Zl(lafmia /5/7 5-)

&' =6 U [a; — {clo;}]



Advanced techniques



Garbage collection



Steps

° !
o Kill zombies.

® Profit.






C ﬁ g/ ﬁ g” ﬁ g”lﬁ g””






[ ) — )



S
e e

['(call, p,o) = (call, p,c| Reachable(s))



S
e N

Reachable (call, p,0) = {a’ . ag € Root(s) and ag %a’}



Root : > — P(Addr)



Root(call, p,o) = range(p)



S
e N

Reachable (call, p, o) = {a' . ag € Root(s) and ag Qa’}



a — a' iff (lam, p) = o(a) and a’ € range(p)



Abstract GC






—
I (call, p,o) = (call, p, 5| Reachable(<))



—— *
Reachable (call, p,6) = {&’ . ag € Root(<) and ag Iﬁ&’}



Root : ¥ — P(m)



Root : ¥ — P(m)

Root(call, p,o) = range(p)



a+—— a' iff there exists (lam, p) € o(a) such that a" € range(p)

o



Killing zombies
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Merging (u) Forking (&)




No forking
Un-merging




Abstract counting



Want strong updates



A second abstraction



A direct product


















a® Y M



,&6]\/\4:@‘%{0,1,00}



a’(call, p,o) = Aa.asize(dom (o) N v(a))



a’(call, p,o) = Aa.asize(dom (o) N v(a))

asize {} =0
asize {x} =1

asize {x1,T9, ...} = 00



jila) = o , Where

([(set!-then v & call)], p, 6, t, 1) ~ (call, p, 6,1, 1)



f(a) =

(| (set!-then v & call) |, p, &,



f(a) =

(| (set!-then v & call) |, p, &,






e € Exp ::= (et ((v call)) e)
| call
&
f,ae € AExp :==v | lam
lam € Lam ::= (A (v) €)
call € Call ::= (f &)

v € Var 1s a set of identifiers






CESK*



CESK*



>, = Exp X Env x Store x Kont



C E S K

Vol

>, = Exp X Env x Store x Kont

|

state-space



>, = Exp X Env x Store x Kont



> = Exp X Env x Store x Kont
Store = Addr — Clo

Env = Var — Addr
Clo = Lam x Env
k € Kont ::= letk(v, e, p, k)
| halt



A A A A
> = Exp X Env x Store x Kont

A A A
Store = Addr — Clo

A A
Env = Var — Addr
A A
Clo = Lam X Env
k€ Kont = letk(v, e, p, k)
| halt



A A A A
> = Exp x Env x Store x Kont

A A A
Store = Addr — Clo

A A
Env = Var — Addr
A A
Clo = Lam X Env
k€ Kont = letk(v, e, p, k)
| halt



> = Exp x Env x Store x Kont

k € Kont ::= letk(v, e, p, k)



k € Kont ::= letk(v, e, p, k)



7N

k € Kont ::= letk(v, e, p, k)



N

i € Kont ::= letk(v, e, p, &)



Store-allocate Kont



Store = Addr — Clo



Store = Addr — Clo + Kont



>, = Exp X Env x Store x Kont



> = Exp x Env x Store x Addr



7N

k € Kont ::= letk(v, e, p,k)



RN

k € Kont ::= letk(v, e, p,a)



k € Kont ::= letk(v, e, p,a)



(|[(f %)]]7107 0, a//i) = (67,0,,0'/,&,{), where
([N vy .. v,) call)], p) = A(f, p, o)
p’ = p'lvi = a;]
o' =ola; — Ale;, p,0)]

a; = alloc(v;, .. .)



(e, p,0,a,) = (e,p",0',a.), where
letk(v, e, p',a.) = o(a)
p" = p'lval
o' = ola— A(a,p,o)]

a = alloc(v, .. .)



([(let (v call)) €], p,0,a,) = (call,p,o’,a’.), where
o' = olal. — letk(v,e, p,a.)]

a, = alloc(...)



Abstract semantics



CAEEA]:EprEn\UXS%XA/dE“
,ﬁem:VaréA/dEr
66%2@“%?(%-%@)
clo € Clo = Lam x Enw

i € Kont == letk(v, e, p, @)
- halt

a € A/dE“ 1s a finite set of addresses



Multithreading



CESK

(Felleisen & Friedman, |1986)



P(CEK)S



P(CEK*)S



/\

P(CEK®)S



>, = Exp x Env x Store x Kont



Exp x Env x Kont



Thread = Exp x Env x Kont x TID



>, = Thread x Store



>, = P(Thread) x Store



P(Thread)



P(Thread)= P(Exp x Env x Addr x TID)



P(Thread)= P(Exp x Env x Addr x TID)
~ TID — P(Exp x Env x Addr)



P(Thread)= P(Exp x Env x Addr x TID)
~ TID — P(Exp x Env x Addr)
~ TID — Exp x Env x Addr



P(Thread)= P(Exp x Env x Addr x TID)
~ TID — P(Exp x Env x Addr)
~ TID — Exp x Env x Addr
= Threads



>. = Threads X Store



2. = Threads x Store
Threads = TID — Exp X Env x Addr

Store = Addr — Clo + Kont

Env = Var — Addr
Clo = Lam x Env
Kont ::= letk(v, e, p, a)
' halt



2. = Threads x Store
Threads @ Exp x Env x Addr
Store % Clo + Kont
Env = Var — Addr
Clo = Lam x Env

Kont ::= letk(v, e, p, a)
' halt



2. = Threads x Store
Threads = TID — P(Exp x Env x Addr)

Store = Addr — P(Clo + Kont)

Env = Var — Addr
Clo = Lam x Env
Kont ::= letk(v, e, p, a)
' halt



> = Threads X StO?"G
Threads T]D %P(Exp X Em) X Addr)

St07°e — Addr — P(Cla + Kont)

A A
Env = Var — Addr
A A
Clo = Lam x Env
Kont ::= letk(v, e, p,a)
' halt



TCount = TID — {0,1, 00}



Y. = Threads x Store x TCount



Pushdown



c € Conf = Exp X Env x Store X Kont
o € Env = Var — Addr
o € Store = Addr — Clo
clo € Clo = Lam x Env
k € Kont = Frame™
¢ € Frame = Var x Exp X Env

a € Addr 1s an infinite set of addresses



¢ € Conf = Exp X Env x Store x Kont
p E FEnv = Var — Addr

/\

(AfGStO're:A/dE“%P(E’E)

@E@:Lamxm

/\*

kK € Kont = Frame

iéme:Vaerxpxm

a € Addr 1s a finite set of addresses



control states stack

¢ € Conf = Exp X Env x Store x Kont



control states stack
/_/_ /-/\

¢ € Conf = Exp X Env x Store x Kont



Control-state reachability



Thanks!



