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® [-reduction
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Sapir-Whorf Hypothesis
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function f(n) {
if (n == 0)
return 1 ;
else
return n * f(n-1) ;



function f(n) {
var a = 1 ;
while (n > 0) {
a = a *xn ;
n-- ,
}

return a ;



function f(a,n) {

if (n == 0)
return a ;
else

return f(a*n,n-1) ;



function f(n) {
return (n <=0) 21 : n * f(n-1) ;

}



(function (h)
function (n) (n <= 1) 7
1 : nx(hCh)) (n-1))
(function (h)
function (n) (n <=1) 7
1 : nx(h(h)) (n-1))(5)



Origins of notation



Euclid’s algorithm (300 BC)

® Greatest common divisor
o GCD(24,18) =6
o GCD(4,6) =2

(Probably) Euclid



300 BC
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2008 AD

gcdCa, b) = (b ==0) ? a : gcd(b, a mod b)



Limits on the Greeks

No notation for zero.

No variables for unknowns.
No symbols for operations.
Long division required Ph.D.

Irrational numbers punished by death.



Example

® The number such that four of its roots is
equal to its three of its square.

® 4x = 3x2.



Indian numerals (596)

56 | 71890

4
123 [8|4]& 9=

erals around 11th century A.D.

® Notation for zero.

® Decimal numerals.

® Calculation easier.

Brahmagupta
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Variables (1570s)
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Example

® 3+ xis equal to 10 times x2.

® 3+ x = |0x?



Operations

® | etters for variables.
® Symbols for operations.

® | ed to slide rule.

arly 1600s
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Calculus (Late 1600s)

Isaac Newton
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alculus (Late 1600s)
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Fi16. 124.—Facsimile of manuseript of Leibniz, dated Oct. 29, 1675, in which
his sign of integration first appears. (Taken from C. I. Gerhardt's Briefwechsel
von G. W. Leibniz mit Mathemalikern [1899).)

Gottfried Leibniz



Euler (1700s)
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The end of the reign of numbers



Functions

A function transforms an input into an output.

flx) = 22 + 3




Names for functions



Names for functions



Names for functions



Sets and Logic (1800s)

® Sets became objects.
® Logic became math.

® Math began unifying.

Giuseppe Peano



Frege’s unification

Logic as foundation.

Sets as atoms.

Numbers from sets.

Functions from sets.

Gottlob Frege



Example

® Every even integer greater than two can be
written as the sum of two primes.

® vn > 2:3a,b: pla) A p(b) A at+b = n.



Grundgesetze der
Arithmetik

® Published in 1903.

® Foundation for math.




Russell’s postcard

~
Dear Frege, 3 % 7

X | X g X}e{X]| X g X}

Prof. Dr. Gottlob Frege
University of Gottingen
Gottingen, Germany

XOXO,
Bertrand R.




Russell’s postcard

~
Dear Frege, 3 % 7

FAIL.

Prof. Dr. Gottlob Frege
University of Gottingen
Gottingen, Germany

XOXO,
Bertrand R.




Russell’s paradox

{X| Xeg X} e{X| Xe X}



Russell’s paradox

(X|XeX)e{X|XeX)

Does the set of all sets that do not contain
themselves contain itself?



Russell’s paradox

(X|XeX)e{X|XeX)

Does the set of all sets that do not contain
themselves contain itself?

The barber shaves all those that do not shave themselves.



Russell’s paradox

{X| Xeg X} e{X| Xe X}

Does the set of all sets that do not contain
themselves contain itself?

The barber shaves all those that do not shave themselves.

But, then who shaves the barber?



Russell’s solution: Orders

Problem is self-reference.
Example: This sentence is false.
Solution: Order sentences.
Must reference lower orders.

Seems to avoid paradox.

Bertrand Russell



Functions as foundation?

® Notation for functions.

o flr) =1
o f(2) =14
® f— 1.1’




Lambda Calculus (1920s)

Throw away everything in math, except:

T variables
fle) function application

AT. € anonymous function



Turing machine (1936)

e Student of Church.
® Defined computability.

® Showed A = computer.

Alan Turing



What is A?




An anonymous function



function (wvi,...,vn) { return ezp ; }



function (vi,...,vn) ezxp



function (vi,...,vn) ezxp



bda 'U]_,. . .,’Un:

exp



new Procedure () {
public T run (71 v1, ..., Tn van) {
return exp ,

F
}



[freel (T4 vi,...,Tn vs){ return exp; }



(O} O



function (wi,...,vn) return exzp end



bda {|lvi,...,un| return exp }




bda (U1 « o o

Un) exp)



(7\ (’U1

Un) exp)



A-calculus



|
C

| e1(e2)



|
C

| (A (v) e)

| (e1 e2)



B-reduction



(N (v) e1) es)



{62 /’U} €1



(A (x) x) e)






(function (e) e + e) (3)






Church encoding



Sugar A into language



Menu

Multiple arguments
Void value

Lists

Conditionals
Numbers

Recursion



Multiple arguments
F:XXY =2
. X->Y—>2Z

f¢ =Xz Ny.f(z,y)



Multiple arguments

f(x,y) => ((f x) y)



Void

vold = A_._




Church’s trick

Encode data according to how it’s used.



Conditionals

true = \c.\a.c(void)

false = Ac.\a.a(void)

if e, then e; else e = ¢, (A().e;) (A().ef)



Numerals

n® = Az f"(2).
zero = Af.\z.z.
en+1= Az flen f2).
en + em = A Az (em | (en [ 2)).

em X €, = Af.Az.(em (en ) 2).



Lists

nil = Ae.\l.e(void).

cons = Aa.Ab. e Al.(l ab).

match (e) {nil T — ¢ (A().€0) (Aa.\b.e;).

consab — ¢

(e1,€9,...,6,) =cons e (cons ey (... (cons e, nil) .. .)).



Recursion



Non-termination

What happens when we evaluate?

Q =( M.(h h))(Ah.(h R))



Recursion

Self-reference is the essence of recursion.



U Combinator



Factorial

facty; = U(ARAn.if (n < 0) then 1 elsen x (h h)(n — 1))



A little more elegance



If x = f(x), the point x is a fixed point of the function f.



Algebra

® x = x2 - | is a recursive definition of x
® |f f(v) =v-- |, then x = f(x).

® Solutions are the fixed points of f.



f(x)



fx) = x° -1

f(x)



) = x|

(*)



Factorial again



Factorial again

fact(n) = if (n < 0) then 1 else n x fact(n — 1)



Factorial again

fact(n) = if (n <0) then 1 else n x fact(n — 1)

fact = An.if (n < 0) then 1 else n x fact(n — 1)



Factorial again

fact(n) = if (n <0) then 1 else n x fact(n — 1)
fact = An.if (n < 0) then 1 else n x fact(n — 1)

fact = F(fact)



Factorial again

fact(n) = if (n <0) then 1 else n x fact(n — 1)
fact = An.if (n < 0) then 1 else n x fact(n — 1)

fact = F(fact)

F(f)=Mn.if (n <0) then 1elsen x f(n—1)



Fixed-point finder

® We want function Y that finds fixed points
® Technically, Y(F) = x, such that F(x) = x.
® Start off derivation with Y(F) = F(Y(F)).



Solving for Y



Solving for Y

Y(F) = F(Y(F))
Y = \E.F(Y(F))



Solving for Y

Y(F)=F(Y(F))
Y = \F.F(Y(F))

Y = UMNAF.F((h h)(F)))



Solving for Y

Y(F)=F(Y(F))
Y = \F.F(Y(F))

Y = UMNAF.F((h h)(F)))

Does this work!?



Solving for Y



Solving for Y

Y(F) = F(Y(F))
Y = \E.F(Y(F))



Solving for Y

Y(F)=F(Y(F))
Y = \F.F(Y(F))
Y = A\F.F(Oz.(Y (F)(2)))



Solving for Y

Y(F)=F(Y(F))
Y = \F.F(Y(F))
Y = A\F.F(Oz.(Y (F)(2)))

Y = UMAF.F(Az.((h h)(F)(x))))



Y = OB AEEOz.((h h)(F) (@) M AEFOx.((h h)(F)(z))))



Factorial again



Factorial again

fact = F(fact)

F(f)=Mn.if (n <0) then 1elsen x f(n —1)



Factorial again

fact = F(fact)
F(f)=Mn.if (n <0) then 1elsen x f(n —1)

fact =Y (F')



Factorial again

fact = F(fact)
F(f)=Mn.if (n <0) then 1elsen x f(n —1)
fact =Y (F')

fact =Y (Af.An.if (n < 0) then 1 elsen x f(n — 1))



Experiment



