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Plan
• What is lexical analysis?

• Formal languages

• Regular languages

• Deterministic automata

• Nondeterministic automata

• Derivatives

• GNU flex



Homework questions?



lexing, scanning, tokenizing



Characters in;



tokens out.



Example

function identity(x)
{
 return x ; // Comment
}



FUNCTION ID(identity) LPAR ID(x) RPAR 

Example

{
 return x ; // Comment
}



FUNCTION ID(identity) LPAR ID(x) RPAR 
LBRACE 

Example

 return x ; // Comment
}



FUNCTION ID(identity) LPAR ID(x) RPAR 
LBRACE 
RETURN ID(x) SEMI

Example

}



FUNCTION ID(identity) LPAR ID(x) RPAR 
LBRACE 
RETURN ID(x) SEMI
RBRACE

Example



Lexical speciÞcation
• Token types

• Whitespace

• Keywords

• Operators

• Comments

• IdentiÞers

• Punctuation



• IdentiÞers match [A-Za-z_][A-Za-z0-9_]*

• Delimiters match [();]

• Operators match [-*+/^=]

• Integers match -?([1-9][0-9]*|0)

• Whitespace is ignored

• Comments match #̂[^\n]*



Formal languages



A formal language  is a 
set of strings over an alphabet.



A string  is a sequence 
of characters from an alphabet.



Notation

A, ! Ð Alphabets

L Ð Language

L ! A! Ð Language over alphabetA



Examples

A = { a, b}

L 1 = { bab, abba}

L 2 = { a, aa, aaa, . . .}



CSL

Recursively enum. Undecidable

CFL

Regular



CSL

Recursively enum. Undecidable

CFL

Regular



Atomic languages



�



� � ⌅⇧ � { ⌅⇧}



""



✏ = {""}



✏ = ""



Primitive languages



c



c = {"c"}



Operations



Concatenation
3.1 Operations on formal languages

There are a number of operations available for manipulating formal languages:

• The concatenation of two formal languages L1 and L2, denoted L1 ·L2, builds a new
set, which contains every possible concatenation of the strings in the first set L1 to
those in the second set L2:

L1 · L2 = {w1w2 : w1 ! L1 and w2 ! L2} .

• The union of two formal languages, L1 and L2, denoted L1 " L2, is the ordinary
set-union of their strings:

L1 " L2 = {w : w ! L1 or w ! L2} .

• The intersection of two formal languages, L1 and L2, denoted L1 " L2, is the ordinary
set-intersection of their strings:

L1 " L2 = {w : w ! L1 and w ! L2} .

• The di! erence of two formal languages, L1 and L2, denoted L1 # L2, is the ordinary
set-di�erence of their strings:

L1 # L2 = {w : w ! L1 and w $!L2} .

• The complement or negation of a formal language L, denoted L, is the set of strings
not in the language L:

L = {w : w $!L} .

• The option of a formal language, denoted L?, the set of strings in that language plus
the empty string:

L? % L " {�} .

• The exponention of a formal language to the nth power, denoted Ln, is the set of
strings in which n members of the language have been concatenated together:

Ln = {w1 . . . wn : wi ! L} ,

and for n = 0:
L0 = {�} .

• The Kleene star closure or repetition of a formal language L, denoted L�, is the set
of strings formed by concatenating members of the language with itself zero or more
times:

L� =
!!

n=0

{w1 . . . wn : wi ! L for 1 & i & n} .

31



Exercise

L1 = {a, b}

L2 = {c, d}



Union

3.1 Operations on formal languages

There are a number of operations available for manipulating formal languages:

• The concatenation of two formal languages L1 and L2, denoted L1 ·L2, builds a new
set, which contains every possible concatenation of the strings in the first set L1 to
those in the second set L2:

L1 · L2 = {w1w2 : w1 ! L1 and w2 ! L2} .

• The union of two formal languages, L1 and L2, denoted L1 " L2, is the ordinary
set-union of their strings:

L1 " L2 = {w : w ! L1 or w ! L2} .

• The intersection of two formal languages, L1 and L2, denoted L1 " L2, is the ordinary
set-intersection of their strings:

L1 " L2 = {w : w ! L1 and w ! L2} .

• The di! erence of two formal languages, L1 and L2, denoted L1 # L2, is the ordinary
set-di�erence of their strings:

L1 # L2 = {w : w ! L1 and w $!L2} .

• The complement or negation of a formal language L, denoted L, is the set of strings
not in the language L:

L = {w : w $!L} .

• The option of a formal language, denoted L?, the set of strings in that language plus
the empty string:

L? % L " {�} .

• The exponention of a formal language to the nth power, denoted Ln, is the set of
strings in which n members of the language have been concatenated together:

Ln = {w1 . . . wn : wi ! L} ,

and for n = 0:
L0 = {�} .

• The Kleene star closure or repetition of a formal language L, denoted L�, is the set
of strings formed by concatenating members of the language with itself zero or more
times:

L� =
!!

n=0

{w1 . . . wn : wi ! L for 1 & i & n} .

31



Exercise

L1 = {a, b}

L2 = {c, d}



Exponentiation

3.1 Operations on formal languages

There are a number of operations available for manipulating formal languages:

¥ The concatenation of two formal languagesL1 and L2, denotedL1 áL2, builds a new
set, which contains every possible concatenation of the strings in the Þrst setL1 to
those in the second setL2:

L1 áL2 = { w1w2 : w1 ! L1 and w2 ! L2} .

¥ The union of two formal languages,L1 and L2, denoted L1 " L2, is the ordinary
set-union of their strings:

L1 " L2 = { w : w ! L1 or w ! L2} .

¥ The intersection of two formal languages,L1 and L2, denotedL1 " L2, is the ordinary
set-intersection of their strings:

L1 # L2 = { w : w ! L1 and w ! L2} .

¥ The di ! erence of two formal languages,L1 and L2, denotedL1 $ L2, is the ordinary
set-di! erence of their strings:

L1 $ L2 = { w : w ! L1 and w %!L2} .

¥ The complement or negation of a formal languageL, denotedL, is the set of strings
not in the languageL:

L = { w : w %!L} .

¥ The option of a formal language, denotedL?, the set of strings in that language plus
the empty string:

L? & L " { ! } .

¥ The exponention of a formal language to thenth power, denotedLn, is the set of
strings in which n members of the language have been concatenated together:

Ln = { w1 . . . wn : wi ! L} ,

and for n = 0:
L0 = { ! } .

¥ The Kleene star closure or repetition of a formal languageL, denotedL ! , is the set
of strings formed by concatenating members of the language with itself zero or more
times:

L ! =
!!

n=0

{ w1 . . . wn : wi ! L for 1 ' i ' n} .

31



Exercise

{a, b}3



Kleene star

3.1 Operations on formal languages

There are a number of operations available for manipulating formal languages:

¥ The concatenation of two formal languagesL1 and L2, denotedL1 áL2, builds a new
set, which contains every possible concatenation of the strings in the Þrst setL1 to
those in the second setL2:

L1 áL2 = { w1w2 : w1 ! L1 and w2 ! L2} .

¥ The union of two formal languages,L1 and L2, denoted L1 " L2, is the ordinary
set-union of their strings:

L1 " L2 = { w : w ! L1 or w ! L2} .

¥ The intersection of two formal languages,L1 and L2, denotedL1 " L2, is the ordinary
set-intersection of their strings:

L1 # L2 = { w : w ! L1 and w ! L2} .

¥ The di! erence of two formal languages,L1 and L2, denotedL1 $ L2, is the ordinary
set-di! erence of their strings:

L1 $ L2 = { w : w ! L1 and w %!L2} .

¥ The complement or negation of a formal languageL, denotedL, is the set of strings
not in the languageL:

L = { w : w %!L} .

¥ The option of a formal language, denotedL?, the set of strings in that language plus
the empty string:

L? & L " { ! } .

¥ The exponention of a formal language to thenth power, denotedLn , is the set of
strings in which n members of the language have been concatenated together:

Ln = { w1 . . . wn : wi ! L} ,

and for n = 0:
L0 = { ! } .

¥ The Kleene star closure or repetition of a formal languageL, denotedL! , is the set
of strings formed by concatenating members of the language with itself zero or more
times:

L! =
!!

n=0

Ln .

31



Exercise

{ a, b} ?



Concatenation, 
union, 

Kleene star.



Regular 
Languages



More regular operations!



Option

3.1 Operations on formal languages

There are a number of operations available for manipulating formal languages:

¥ The concatenation of two formal languagesL1 and L2, denotedL1 áL2, builds a new
set, which contains every possible concatenation of the strings in the Þrst setL1 to
those in the second setL2:

L1 áL2 = { w1w2 : w1 ! L1 and w2 ! L2} .

¥ The union of two formal languages,L1 and L2, denoted L1 " L2, is the ordinary
set-union of their strings:

L1 " L2 = { w : w ! L1 or w ! L2} .

¥ The intersection of two formal languages,L1 and L2, denotedL1 " L2, is the ordinary
set-intersection of their strings:

L1 # L2 = { w : w ! L1 and w ! L2} .

¥ The di ! erence of two formal languages,L1 and L2, denotedL1 $ L2, is the ordinary
set-di! erence of their strings:

L1 $ L2 = { w : w ! L1 and w %!L2} .

¥ The complement or negation of a formal languageL, denotedL, is the set of strings
not in the languageL:

L = { w : w %!L} .

¥ The option of a formal language, denotedL?, the set of strings in that language plus
the empty string:

L? & L " { ! } .

¥ The exponention of a formal language to thenth power, denotedLn, is the set of
strings in which n members of the language have been concatenated together:

Ln = { w1 . . . wn : wi ! L} ,

and for n = 0:
L0 = { ! } .

¥ The Kleene star closure or repetition of a formal languageL, denotedL ! , is the set
of strings formed by concatenating members of the language with itself zero or more
times:

L ! =
!!

n=0

{ w1 . . . wn : wi ! L for 1 ' i ' n} .

31



Kleene plus

Notation (Kleene star v. sequence). It is commonplace to use an asterisk symbol
! instead of a star symbol! denote the Kleene star closure of a language. Whenever
this notation is used, one must use context to determine whether the asterisk means
Kleene star closure or a set of sequences. !

¥ The Kleene plus closure or non-empty repetition of a formal languageL, denoted
L+ , is the set of strings formed by concatenating members of the language with itself
one or more times:

L+ =
"!

n=1

Ln.

While � ⇤ L! , it is not the case that � ⇤ L+ unless� ⇤ L.

¥ The reversal of a formal languageL, denotedLR, contains the reversal of every string
in the language:

LR = { �an, . . . , a1 : �a1, . . . , an ⇤ L} .

¥ The preÞx of a formal languageL, denotedL# , contains all of the strings for which
some su�x makes them a string in the language:

L# = { w1 : there existsw2 such that w1w2 ⇤ L} .

3.2 Identities for formal languages

When reasoning about formal languages, there are several identities which can help. Con-
catenation with the empty language results in an empty language:

⌅ áL = L á⌅ = ⌅,

while the empty string acts like identity under concatenation:

� áL = L á� = L.

Under union, the empty string acts like the identity:

L ⇧ ⌅ = ⌅ ⇧ L = ⌅

Kleene plus desugars into Kleene star with concatenation:

L+ = L áL! .

The option of the empty language is the empty string:

⌅? = �.

32



Intersection

3.1 Operations on formal languages

There are a number of operations available for manipulating formal languages:

¥ The concatenation of two formal languagesL1 and L2, denotedL1 áL2, builds a new
set, which contains every possible concatenation of the strings in the Þrst setL1 to
those in the second setL2:

L1 áL2 = { w1w2 : w1 ! L1 and w2 ! L2} .

¥ The union of two formal languages,L1 and L2, denoted L1 " L2, is the ordinary
set-union of their strings:

L1 " L2 = { w : w ! L1 or w ! L2} .

¥ The intersection of two formal languages,L1 and L2, denotedL1 " L2, is the ordinary
set-intersection of their strings:

L1 # L2 = { w : w ! L1 and w ! L2} .

¥ The di ! erence of two formal languages,L1 and L2, denotedL1 $ L2, is the ordinary
set-di! erence of their strings:

L1 $ L2 = { w : w ! L1 and w %!L2} .

¥ The complement or negation of a formal languageL, denotedL, is the set of strings
not in the languageL:

L = { w : w %!L} .

¥ The option of a formal language, denotedL?, the set of strings in that language plus
the empty string:

L? & L " { ! } .

¥ The exponention of a formal language to thenth power, denotedLn, is the set of
strings in which n members of the language have been concatenated together:

Ln = { w1 . . . wn : wi ! L} ,

and for n = 0:
L0 = { ! } .

¥ The Kleene star closure or repetition of a formal languageL, denotedL ! , is the set
of strings formed by concatenating members of the language with itself zero or more
times:

L ! =
!!

n=0

{ w1 . . . wn : wi ! L for 1 ' i ' n} .

31



Difference

3.1 Operations on formal languages

There are a number of operations available for manipulating formal languages:

¥ The concatenation of two formal languagesL1 and L2, denotedL1 áL2, builds a new
set, which contains every possible concatenation of the strings in the Þrst setL1 to
those in the second setL2:

L1 áL2 = { w1w2 : w1 ! L1 and w2 ! L2} .

¥ The union of two formal languages,L1 and L2, denoted L1 " L2, is the ordinary
set-union of their strings:

L1 " L2 = { w : w ! L1 or w ! L2} .

¥ The intersection of two formal languages,L1 and L2, denotedL1 " L2, is the ordinary
set-intersection of their strings:

L1 # L2 = { w : w ! L1 and w ! L2} .

¥ The di ! erence of two formal languages,L1 and L2, denotedL1 $ L2, is the ordinary
set-di! erence of their strings:

L1 $ L2 = { w : w ! L1 and w %!L2} .

¥ The complement or negation of a formal languageL, denotedL, is the set of strings
not in the languageL:

L = { w : w %!L} .

¥ The option of a formal language, denotedL?, the set of strings in that language plus
the empty string:

L? & L " { ! } .

¥ The exponention of a formal language to thenth power, denotedLn, is the set of
strings in which n members of the language have been concatenated together:

Ln = { w1 . . . wn : wi ! L} ,

and for n = 0:
L0 = { ! } .

¥ The Kleene star closure or repetition of a formal languageL, denotedL ! , is the set
of strings formed by concatenating members of the language with itself zero or more
times:

L ! =
!!

n=0

{ w1 . . . wn : wi ! L for 1 ' i ' n} .

31



Complement

3.1 Operations on formal languages

There are a number of operations available for manipulating formal languages:

¥ The concatenation of two formal languagesL1 and L2, denotedL1 áL2, builds a new
set, which contains every possible concatenation of the strings in the Þrst setL1 to
those in the second setL2:

L1 áL2 = { w1w2 : w1 ! L1 and w2 ! L2} .

¥ The union of two formal languages,L1 and L2, denoted L1 " L2, is the ordinary
set-union of their strings:

L1 " L2 = { w : w ! L1 or w ! L2} .

¥ The intersection of two formal languages,L1 and L2, denotedL1 " L2, is the ordinary
set-intersection of their strings:

L1 # L2 = { w : w ! L1 and w ! L2} .

¥ The di ! erence of two formal languages,L1 and L2, denotedL1 $ L2, is the ordinary
set-di! erence of their strings:

L1 $ L2 = { w : w ! L1 and w %!L2} .

¥ The complement or negation of a formal languageL, denotedL, is the set of strings
not in the languageL:

L = { w : w %!L} .

¥ The option of a formal language, denotedL?, the set of strings in that language plus
the empty string:

L? & L " { ! } .

¥ The exponention of a formal language to thenth power, denotedLn, is the set of
strings in which n members of the language have been concatenated together:

Ln = { w1 . . . wn : wi ! L} ,

and for n = 0:
L0 = { ! } .

¥ The Kleene star closure or repetition of a formal languageL, denotedL ! , is the set
of strings formed by concatenating members of the language with itself zero or more
times:

L ! =
!!

n=0

{ w1 . . . wn : wi ! L for 1 ' i ' n} .

31



Reversal

Notation (Kleene star v. sequence). It is commonplace to use an asterisk symbol
! instead of a star symbol! denote the Kleene star closure of a language. Whenever
this notation is used, one must use context to determine whether the asterisk means
Kleene star closure or a set of sequences. !

¥ The Kleene plus closure or non-empty repetition of a formal languageL, denoted
L+ , is the set of strings formed by concatenating members of the language with itself
one or more times:

L+ =
"!

n=1

Ln.

While � ⇤ L! , it is not the case that � ⇤ L+ unless� ⇤ L.

¥ The reversal of a formal languageL, denotedLR, contains the reversal of every string
in the language:

LR = { �an, . . . , a1 : �a1, . . . , an ⇤ L} .

¥ The preÞx of a formal languageL, denotedL# , contains all of the strings for which
some su�x makes them a string in the language:

L# = { w1 : there existsw2 such that w1w2 ⇤ L} .

3.2 Identities for formal languages

When reasoning about formal languages, there are several identities which can help. Con-
catenation with the empty language results in an empty language:

⌅ áL = L á⌅ = ⌅,

while the empty string acts like identity under concatenation:

� áL = L á� = L.

Under union, the empty string acts like the identity:

L ⇧ ⌅ = ⌅ ⇧ L = ⌅

Kleene plus desugars into Kleene star with concatenation:

L+ = L áL! .

The option of the empty language is the empty string:

⌅? = �.

32



PreÞx

Notation (Kleene star v. sequence). It is commonplace to use an asterisk symbol
! instead of a star symbol! denote the Kleene star closure of a language. Whenever
this notation is used, one must use context to determine whether the asterisk means
Kleene star closure or a set of sequences. !

¥ The Kleene plus closure or non-empty repetition of a formal languageL, denoted
L+ , is the set of strings formed by concatenating members of the language with itself
one or more times:

L+ =
"!

n=1

Ln.

While � ⇤ L! , it is not the case that � ⇤ L+ unless� ⇤ L.

¥ The reversal of a formal languageL, denotedLR, contains the reversal of every string
in the language:

LR = { �an, . . . , a1 : �a1, . . . , an ⇤ L} .

¥ The preÞx of a formal languageL, denotedL# , contains all of the strings for which
some su�x makes them a string in the language:

L# = { w1 : there existsw2 such that w1w2 ⇤ L} .

3.2 Identities for formal languages

When reasoning about formal languages, there are several identities which can help. Con-
catenation with the empty language results in an empty language:

⌅ áL = L á⌅ = ⌅,

while the empty string acts like identity under concatenation:

� áL = L á� = L.

Under union, the empty string acts like the identity:

L ⇧ ⌅ = ⌅ ⇧ L = ⌅

Kleene plus desugars into Kleene star with concatenation:

L+ = L áL! .

The option of the empty language is the empty string:

⌅? = �.
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w 2 L?



RegEx => NFA => DFA



or, derivatives.



An automaton  is a state machine 
that recognizes a formal language.



The expression ⇥ denotes the language containing just the empty string:

⇥ ⇤ {� } .

The expression ⇤ denotes the empty language:

⇤ ⇤ {} = ⌅.

The juxtaposition of two languages is interpreted as their concatenation:

L1L2 ⇤ L1 · L2.

And, the bar operator represents the union of two languages:

L1 | L2 ⇤ L1 ⇧ L2.

Example 4.1. For the alphabet A = {a, . . . , z}:

• The regular expression foo describes the set {foo}.

• The regular expression foo|bar describes the set {foo, bar}.

• The regular expression (foo|bar)� describes an infinite set of strings:

{⇥, foo, bar, foobar, foofoo, barfoo, barbar, . . .} .

�

4.2 Automata

Automata are another mechanism for describing regular languages. Whereas regular ex-
pressions where an enumerative method for describing regular languages, automata are a
recognition-based method for describing formal languages. That is, automata are (mathe-
matical) state machines which, when given a string, determine whether or not that string is
a member of the language. Compilers typically deal with finite-state automata, but there is
no need to restrict the discussion of automata to those with a finite number of states. It is
of both theoretical and practical importance that finite-state automata accept exactly the
same set of languages that regular expressions generate. There are two kinds of automata
commonly used in programming languages: deterministic automata and nondeterministic
automata.

Formally, a deterministic automaton M is a 5-tuple (A, Q, q0, �, F ) where:

36• The set A is an alphabet.

• The set Q is a set of control states.

• The control state q0 is the initial control state.

• The function ! : Q ! A " Q determines the next state.

• The set F determines the final (accepting) states.

4.2.1 Deterministic automata

The set L(M) is the language accepted by the automaton M , and it admits a recursive
definition. An automaton accepts the empty string if the initial state is final:

q0 # F
" # L(A, Q, q0, ! , F ),

otherwise:
w # L(A, Q, ! (q0, c), ! , F )

cw # L(A, Q, q0, ! , F ).

In e! ect, when recognizing a string, the automaton consumes a character and proceeds to
the next state according to the transition function. Once all characters in the string are
consumed, the original string is accepted only if the last state is final.

A deterministic automaton (A, Q, q0, ! , F ) can be depicted as an node-marked and edge-
labeled graph, (Q, A,E, m), where:

• The control states Q are the nodes.

• The alphabet A is the set of edge-labels.

• The set of edges is E $ Q ! A ! Q:

(q, a, q!) # E i! ! (q, a) = q.

• The node-marking function m : Q " {Q, F, q0} marks the type of each node:

m(q) =

!
"#

"$

q0 q = q0

F q # F

Q otherwise.

Graphically, the start node is marked with an incoming edge with no source, while final
nodes receive are doubly encircled.

37



L (A, Q, q0, !, F ) ! A!



If P1 and . . . and Pn , then Q.If P1 and . . . and Pn , then Q.If P1 and . . . and Pn , then Q.If P1 and . . . and Pn , then Q.



If P1 and . . . and Pn , then Q.If P1 and . . . and Pn , then Q.

If P1 and . . . and Pn , then Q.

á á á



If P1 and . . . and Pn , then Q.If P1 and . . . and Pn , then Q.

If P1 and . . . and Pn , then Q.

á á á



If P1 and . . . and Pn , then Q.If P1 and . . . and Pn , then Q.If P1 and . . . and Pn , then Q.If P1 and . . . and Pn , then Q.



• The set A is an alphabet.

• The set Q is a set of control states.

• The control state q0 is the initial control state.

• The function ! : Q ! A " Q determines the next state.

• The set F determines the final (accepting) states.

4.2.1 Deterministic automata

The set L(M) is the language accepted by the automaton M , and it admits a recursive
definition. An automaton accepts the empty string if the initial state is final:

q0 # F
" # L(A, Q, q0, ! , F ),

otherwise:
w # L(A, Q, ! (q0, c), ! , F )

cw # L(A, Q, q0, ! , F ).

In e! ect, when recognizing a string, the automaton consumes a character and proceeds to
the next state according to the transition function. Once all characters in the string are
consumed, the original string is accepted only if the last state is final.

A deterministic automaton (A, Q, q0, ! , F ) can be depicted as an node-marked and edge-
labeled graph, (Q, A,E, m), where:

• The control states Q are the nodes.

• The alphabet A is the set of edge-labels.

• The set of edges is E $ Q ! A ! Q:

(q, a, q!) # E i! ! (q, a) = q.

• The node-marking function m : Q " {Q, F, q0} marks the type of each node:

m(q) =

!
"#

"$

q0 q = q0

F q # F

Q otherwise.

Graphically, the start node is marked with an incoming edge with no source, while final
nodes receive are doubly encircled.

37



• The set A is an alphabet.

• The set Q is a set of control states.

• The control state q0 is the initial control state.

• The function ! : Q ! A " Q determines the next state.

• The set F determines the final (accepting) states.

4.2.1 Deterministic automata

The set L(M) is the language accepted by the automaton M , and it admits a recursive
definition. An automaton accepts the empty string if the initial state is final:

q0 # F
" # L(A, Q, q0, ! , F ),

otherwise:
w # L(A, Q, ! (q0, c), ! , F )

cw # L(A, Q, q0, ! , F ).

In e! ect, when recognizing a string, the automaton consumes a character and proceeds to
the next state according to the transition function. Once all characters in the string are
consumed, the original string is accepted only if the last state is final.

A deterministic automaton (A, Q, q0, ! , F ) can be depicted as an node-marked and edge-
labeled graph, (Q, A,E, m), where:

• The control states Q are the nodes.

• The alphabet A is the set of edge-labels.

• The set of edges is E $ Q ! A ! Q:

(q, a, q!) # E i! ! (q, a) = q.

• The node-marking function m : Q " {Q, F, q0} marks the type of each node:

m(q) =

!
"#

"$

q0 q = q0

F q # F

Q otherwise.

Graphically, the start node is marked with an incoming edge with no source, while final
nodes receive are doubly encircled.
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Example 4.2. The automaton (A, Q, q0, ! , F ), where:

A = { 0} ! (q0, 0) = q1

Q = { q0, q1} ! (q1, 0) = q0

F = { q1} ,

is depicted graphically as:

!!!"#$%&'(q0
0

!!!"#$%&'()*+,-./0q1

0

""

and it accepts exactly the set of strings with odd lengthÑ{ 0, 000, 00000, . . .} . !

4.3 Nondeterministic automata

Formally, a nondeterministic automaton M is also a 5-tuple (A, Q, q0, ! , F ) where:

¥ The set A is an alphabet.

¥ The set Q is a set of control states.

¥ The control state q0 is the initial control state.

¥ The function ! : Q ! (A " { "} ) # P (Q) determines the next state.

¥ The set F determines the Þnal (accepting) states.

Structurally, the only di ! erence between deterministic and nondeterministic automata is
in the transition function. In nondeterministic automata, the transition function need not
consume an input character to move forward, and at the same time, the automaton may
branch to severalsubsequent control states.

The set L (M ) is the language accepted by the nondeterministic automatonM , and it also
admits a recursive deÞnition. An automaton accepts the empty string if the initial state is
Þnal:

q0 $ F
" $ L (A, Q, q0, ! , F ),

otherwise:
w $ L(A, Q, q!, ! , F ) q! $ ! (q0, c)

cw $ L(A, Q, q0, ! , F ),

and:
w $ L(A, Q, q!, ! , F ) q! $ ! (q0, ")

w $ L (A, Q, q0, ! , F ).
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RegEx => NFA

• Empty language

• Empty-string singleton

• One-character singleton

• Concatenation

• Union

• Repetition



NFA => DFA

Thompson subset construction.



Example: NFA => DFA

and for the transition function:

! (q!, a) = ! !

!
"

q" q!

! (q, a)

#

.

In e! ect, the deterministic transition function makes every possible nondeterministic transi-
tion for the input character, and then it takes the empty-transition closure of the result.

Theorem 4.1. Any nondeterministic automaton is expressible as an equivalent deterministic
automaton; speciÞcally, for any nondeterministic automatonN :

L (D(N )) = L (N ).

Proof. By showing a staggered bisimulation between the machinesD(N ) and N . The bisim-
ulation shows that there is a path toqn in machineN which consumesn characters i! q!

n is
the nth state of D(N ) and qn ! q!

n .

Example 4.3. The following nondeterministic automaton:

!"#$%&'(2 a !!!"#$%&'(3 r !!!"#$%&'(4
!

""!
!!

!!
!!

!!

!!!"#$%&'(1

b

##"""""""""

b
""!

!!
!!

!!
!!

!"#$%&'()*+,-./05

!"#$%&'(6 a
!!!"#$%&'(7 z

!!!"#$%&'(8

!

##"""""""""

is equivalent to the deterministic automaton:

123456789:;<=>?@ { 4, 5}

!!ABCDEFGH{ 1} b !! 12345678{ 2, 6} a !! 12345678{ 3, 7}

r
$$##########

z
%%$$

$$
$$

$$
$$

123456789:;<=>?@ { 8, 5}

under the construction from the functionD. !

40
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RegEx => NFA => DFA
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D e r i v a t i v e s  o f  R e g u l a r  E x p r e s s i o n s  

JANUSZ A. BRZOZOWSKI 

Princeton University, Princelon, New Jerseyt 

Abstract. Kleene's regular expressions, which can be used for describing sequential 
circuits, were defined using three operators (union, concatenation and iterate) on sets of 
sequences. Word descriptions of problems can be more easily put in the regular expression 
language if the language is enriched by the inclusion of other logical operations. However, 
il~ the problem of converting the regular expression description to a state diagram, the exist- 
ing methods either cannot handle expressions with additional operators, or are made quite 
complicated by the presence of such operators. In this paper the notion of a derivative of a 
regular expression is introduced atld the properties of derivatives are discussed. This leads, 
in a very natural way, to the construction of a state diagram from a regular expression 
containing any number of logical operators. 

1. Introduction 

In the design of sequential circuits, the first step consists of obtaining an 
unambiguous description of the circuit behavior. For a certain class of problems, 
the language of regular expressions [1-10] greatly simplifies this first step of 
synthesis. In general, the richer the language, the easier it will be to write the 
problem specification. In this paper we use regular expressions which can have 
any number of logical connectives, and describe methods for obtaining state 
diagrams from such regular expressions. 

We are concerned with the usual model of a finite automaton M [4, 7, 10, 11, 
12]. The n binary inputs x~, x2, ¥ ¥ ¥ , x~ of M are represented by a single 2 '~- 
valued input x, taking the values from A~ = {0, 1, . . .  , ]¢ - 11, where/c = 2 ~. 
The internal states of M are ql, q:, ¥ ¥ ¥, q~ and one of these, qx, is the starting 
state of M. The transitions between states are specified by a flow table or by a 
state diagram. In the Moore model [11] the outputs are associated with internal 
states and are denoted by Z~. ; iu the i~[ealy model [12] the outputs z~ are asso- 
ciated with transitions. The results are presented in terms of a Moore machine; 
however, the results also apply to Mealy machines with slight modifications 
which are pointed out where necessary. 

2. Regular Expressions 

We define the following operations on sets of sequences: If P and Q are two 
sets of sequences of symbols from Ak we have: 

This research was supported in part by Bell Telephone Laboratories, Murray Hill, N. J. 
The majority of the results presented can also be found in Teeh. Rep. 15, Princeton Uni- 
versity, Dept. of Elec. Eng., Digital Systems Lab., Princeton, N. J., March, 1962. 

Present address: Department of Electrical Engineering, University of Ottawa, Ottawa 
2, Canada. 
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3.3 Derivatives of formal languages

A less common, yet still useful, operation on formal languages is the derivative. Theleft
derivative of a formal languageL with respect to characterc, denotedDcL, is the remainder
of the strings in the setL for which the characterc can be removed from the front:

DcL = { w : cw ! L} .

Example 3.1. The left derivative of the set{ foo , frak , bar} with respect to the character
c is:

Dc { foo , frak , bar} = { oo, rak } .

!

Where the derivative of a language is computable, it may be possible to a string in that
language using derivatives, thanks to the following rule:

w ! Dc(L)
cw ! L.

If it is computable to take successive derivatives of a language, and it is possible to test
whether or not one of those derivatives accepts the empty string, then it is possible to use
the derivative to test whether a string is in a language. The algorithm is straightforward:
(1) compute the derivative of the language with respect to each character in the string; and
(2) test whether the resulting language accepts the empty string.

3.3.1 Computing the derivative

For languages composed of other languages through the familiar formal language operations,
it is frequently possible to formulate the derivative of such a language recursively.

For the empty language, the derivative is empty:

Dc" = " .

For the empty-string language, the derivative is also empty:

Dc { ! } = " .

For one-character languages:

Dc { c} = { ! }

Dc { c!} = " if c #= c!.
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1. Filter : 
 Keep every string starting with c.

2. Chop : 
 Remove c from the start of each.



foo frak bar

Df



foo frak

Df



oo rak

Df



Recognition algorithm

• Derive with respect to each character.

• Does the derived language contain !?



foo (foo)*!



foo (foo)*!



Dfoo (foo)*!



oo (foo)*! oo



oo (foo)*! oo



o (foo)*! o



(foo)*!ε



(foo)*!ε



abstract class RegEx {

  public abstract RegEx derive(char c) ;
  public abstract boolean isNullable() ;

  public boolean matches(String s) {
    if (s.length() == 0)
      return this.isNullable() ;
    else 
      return this.derive(s.charAt(0)).matches(s.substring(1)) ;
  }
}



Deriving atomic languages



! ! { "" }

c ! { c}

" ! {}



class Primitive extends RegEx { public Primitive(char c) ... }

class Blank extends RegEx { public Blank() ... }

class Empty extends RegEx { public Empty() ... }
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the derivative to test whether a string is in a language. The algorithm is straightforward:
(1) compute the derivative of the language with respect to each character in the string; and
(2) test whether the resulting language accepts the empty string.

3.3.1 Computing the derivative

For languages composed of other languages through the familiar formal language operations,
it is frequently possible to formulate the derivative of such a language recursively.

For the empty language, the derivative is empty:

Dc" = " .

For the empty-string language, the derivative is also empty:

Dc { ! } = " .

For one-character languages:

Dc { c} = { ! }

Dc { c!} = " if c #= c!.
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class Empty extends RegEx {
  ...
  public RegEx derive (char c) {
    return RegEx.empty ;
  }
  ...
}



abstract class RegEx {

  public abstract RegEx derive(char c) ;
  public abstract boolean isNullable() ;

  public boolean matches(String s) {
    if (s.length() == 0)
      return this.isNullable() ;
    else 
      return this.derive(s.charAt(0)).matches(s.substring(1)) ;
  }

  public static final RegEx empty = new Empty() ;
  public static final RegEx blank = new Blank() ;
}



Dc(! ) = !



Dc(! ) = !



class Blank extends RegEx {
  ...
  public RegEx derive (char c) {
    return RegEx.empty ;
  }
  ...
}



Dc{c} = �

Dc{c0} = ⇥ if c �= c0



Dc{c} = �

Dc{c0} = ⇥ if c �= c0



class Primitive extends RegEx {
  ...
  public RegEx derive (char c) {
    if (c == this.c)
      return RegEx.blank ;
    else  
      return RegEx.empty ;
  }
  ...
}



Deriving regular languages



L = ! � { ""}

L = c � { c}

L = ⇥
L = L1 ⇤ L2

L = L1 áL2

L = L?
1



class Choice extends RegEx
{ public Choice(RegEx thisOne, RegEx thatOne) ... }

class Sequence extends RegEx
{ public Sequence(RegEx first, RegEx second) ... }

class Repetition extends RegEx
{ public Repetition(RegEx internal) ... }



For a concatenated language:

Dc(L1 · L2) = (DcL1 · L2) ⌃ (L�
1 · DcL2).

For a union language:

Dc(L1 ⌃ L2) = {w : cw ⌅ L1 ⌃ L2}
= {w : cw ⌅ L1 or cw ⌅ L2}
= {w : w ⌅ DcL1 or w ⌅ DcL2}
= {w : w ⌅ DcL1} ⌃{ w : w ⌅ DcL2}
= DcL1 ⌃DcL2.

For an intersection language:

Dc(L1 ⌥ L2) = DcL1 ⌥DcL2.

For a complemented language:

DcL =
�
w : cw ⌅ L

⇥

= {w : cw ⇧⌅ L}
= {w : not cw ⌅ L}
= {w : cw ⌅ L}
= {w : w ⌅ DcL}
= DcL.

For a di�erence language:

Dc(L1 � L2) = DcL1 �DcL2.

For an option language:

Dc(L
?) = DcL.

For an exponentiated language, where n ⇤ 1:

Dc(L
n) = (DcL) · Ln�1.

For a closure language:

Dc(L
⇥) = (DcL) · L⇥.

For a non-empty closure language:

Dc(L
+) = (DcL) · L⇥.
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class Choice extends RegEx {
  ...
  public RegEx derive (char c) {
    return new Choice(thisOne.derive(c),
                      thatOne.derive(c)) ;
  }
  ...
}
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class Repetition extends RegEx {
  ...
  public RegEx derive (char c) {
    return new Sequence(internal.derive(c),this) ;
  }
  ...
}



Concatenation?



For a concatenated language:

Dc(L1 · L2) = (DcL1 · L2) ∪ (δ(L1) ·DcL2).

For a union language:

Dc(L1 ∪ L2) = {w : cw ∈ L1 ∪ L2}
= {w : cw ∈ L1 or cw ∈ L2}
= {w : w ∈ DcL1 or w ∈ DcL2}
= {w : w ∈ DcL1} ∪ {w : w ∈ DcL2}
= DcL1 ∪DcL2.

For an intersection language:

Dc(L1 ∩ L2) = DcL1 ∩DcL2.

For a complemented language:

DcL =
{
w : cw ∈ L

}

= {w : cw $∈ L}
= {w : not cw ∈ L}
= {w : cw ∈ L}
= {w : w ∈ DcL}
= DcL.

For a difference language:

Dc(L1 − L2) = DcL1 −DcL2.

For an option language:

Dc(L
?) = DcL.

For an exponentiated language, where n ≥ 1:

Dc(L
n) = (DcL) · Ln−1.

For a closure language:

Dc(L
!) = (DcL) · L!.

For a non-empty closure language:

Dc(L
+) = (DcL) · L!.
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For a concatenated language:
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+) = (DcL) · L!.
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WRONG



Needs nullability



! (L ) = " if " ! L

! (L ) = " if " #!L



For a concatenated language:

Dc(L1 · L2) = (DcL1 · L2) ∪ (δ(L1) ·DcL2).

For a union language:

Dc(L1 ∪ L2) = {w : cw ∈ L1 ∪ L2}
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= {w : w ∈ DcL1 or w ∈ DcL2}
= {w : w ∈ DcL1} ∪ {w : w ∈ DcL2}
= DcL1 ∪DcL2.

For an intersection language:

Dc(L1 ∩ L2) = DcL1 ∩DcL2.

For a complemented language:

DcL =
{
w : cw ∈ L

}
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= DcL.
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class Sequence extends RegEx {
  ...
  public RegEx derive (char c) {
    if (first.isNullable()) 
      return new Choice(new Sequence(first.derive(c),
                                     second),
                        second.derive(c)) ;
    else 
      return new Sequence(first.derive(c),second) ;
  }
  ...
}



To recognize?



nullabilityNeed



nullabilityNeed



nullabilityNeed to compute



! (") = "

! (c) = !

! (! ) = !

! (L 1 " L 2) = ! (L 1) " ! (L 2)

! (L 1 áL 2) = ! (L 1) á! (L 2)

! (L !
1) = "



class Primitive extends RegEx { 
  ...
  public boolean isNullable () { return false ; }
  ...
}

class Blank extends RegEx { 
  ...
  public boolean isNullable () { return true ; }
  ...
}

class Empty extends RegEx { 
  ...
  public boolean isNullable () { return false ; }
  ...
}



! (") = "

! (c) = !

! (! ) = !

! (L 1 " L 2) = ! (L 1) " ! (L 2)

! (L 1 áL 2) = ! (L 1) á! (L 2)

! (L !
1) = "



class Choice extends RegEx { 
  ...
  public boolean isNullable () 
  { return thisOne.isNullable() || thatOne.isNullable ; }
  ...
}

class Sequence extends RegEx { 
  ...
  public boolean isNullable () 
  { return first.isNullable() && second.isNullable ; }
  ...
}

class Repetition extends RegEx { 
  ...
  public boolean isNullable () { return true ; }
  ...
}



But, thereÕs more!



Dc(L 1 ! L 2) = Dc(L 1) ! Dc(L 2)



Dc(L 1 ! L 2) = Dc(L 1) ! Dc(L 2)



Dc(L 1 ! L 2) = Dc(L 1) ! Dc(L 2)



Dc(L 1 ! L 2) = Dc(L 1) ! Dc(L 2)



Dc(L ) = Dc(L )



Dc(L ) = Dc(L )



What about nullability?



! (L 1 ! L 2) = ! (L 1) ! ! (L 2)



! (L 1 ! L 2) = ! (L 1) ! ! (L 2)



! (L 1 ! L 2) = ! (L 1) ! ! (L 2)



! (L 1 ! L 2) = ! (L 1) ! ! (L 2)



! (L ) = ! (L ) ! { "}



! (L ) = ! (L ) ! { "}



lex



lexf



lexical spec => lexer



• IdentiÞers match [A-Za-z_][A-Za-z0-9_]*

• Delimiters match [();]

• Operators match [-*+/^=]

• Integers match -?([1-9][0-9]*|0)

• Whitespace is ignored

• Comments match #̂[^\n]*



How lex works



 %%
 [0-9]+   return 1;
 [A-Z]+   return 2;
 [ \t\n]  {}
 %%

foo.l



 %%
 [0-9]+   return 1;
 [A-Z]+   return 2;
 [ \t\n]  {}
 %%

foo.l

  int yylex() {
   ...
  }

lex.yy.c



defs, opts, decs
%%
rules
%%
C code



DeÞnitions



name regex



{name}



digit [0-9]
int   {digit}+

alpha  [A-Za-z_]
alnum  {alpha}|{digit}
id     {alpha}{alnum}*



Options



%option case-insensitive



%option yylineno



%option noyywrap



Declarations



%{ 
C code 
%}



%s state1 state2 ...

%x state1 state2 ...



Rules



pattern { action }



<state> pattern { action }



If in state state,
and pattern matches the longest preÞx,
then perform action.



%s state
%%
pat  action
<state > pat  action



%x state
%%
pat action
<state > pat  action



Actions



{}



return token_type ;



BEGIN(state);



ECHO;



REJECT;



Example

¥<MAIN> Ò(Ò { return(LPAR) ; }

¥<MAIN> Ò)Ó { return(RPAR) ; }

¥<MAIN> Ò/*Ó { BEGIN(COMMENT) ; }

¥<COMMENT> Ò*/Ó { BEGIN(MAIN) ; }

¥<COMMENT> . { }



Matching length

• Suppose the pattern: f(oo)*

• How many ways can match:
foooooooooooooooooo



Options

• Shortest match

• Longest match



Longest match

Given a string w and a set of regular expressions R, 
which regex can match the longest preÞx of w?



Na•veRemoveLongestMatch(w !  A*,R !  2 A*)
  suffix ! w
  while (w "  ")
   if " L !  R : " !  L
      suffix ! w
   c:w ! w
   R ! D c.R
  return suffix

Algorithm



RemoveLongestMatch(w !  A*,R !  2 A*)
  suffix ! w
  while (R "  #  or w "  ")
   if " L !  R : " !  L
      suffix ! w
   c:w ! w
   R ! D c.R - { # }
  return suffix

Algorithm



Example

• RegEx: fo*

• RegEx: foobar

• RegEx: foob

• Input string:  foobarbaz



Examples



%{
 int num_lines = 0, num_chars = 0;
%}

%%
\n      ++num_lines; ++num_chars;
.       ++num_chars;
%%
int main(int argc, char* argv[]) {
   yylex();
   printf("# of lines = %d, # of chars = %d\n",
          num_lines, num_chars );
}


