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Answers to last time

• Useful languages beyond LL(1)? 

• Almost all of them: C, Java, ...

• Issue: if x if y else z

• Standard fix is to hack the parser



Today

• Push-down automata

• Push-down parsers

• CFG derivatives

• Parse strings

• Derivative parsers



Motivation

• Need to go beyond LL(k) or LR(k)

• No parser-generator available

• Need to parse ambiguous grammars



Learning goal

Be able to write YACC in less than 500 lines.

And, handle any CFG.



Push-down automaton

• Mechanical form of context-free language

• Given a string, it accepts or it does not*



PDA components

and the functions f1, . . . , fn are monotonic, then the following algorithm computes a solution:

Xi ← ∅ for all i

changed ← true

while (changed)

changed ← false

X ′
i ← fi(X1, . . . , Xn)

if (Xi #= X ′
i)

Xi ← X ′
i

changed ← true.

If the functions are not monotonic, neither termination nor soundness of this algorithm is
not guaranteed. !

In context-free grammars, first sets are easily computed with subset-inclusion constraints;
for every rule (n → s1 . . . sm) ∈ R:

first(n) ⊇
m⋃

i≥1

δ(s1 . . . si−1) · first(si).

Recursive-descent parsers also benefit from computing follow sets. The follow set for a
symbol is the set of terminal symbols which may follow it in a parse. We can constrain the
function follow : (A ∪N) → P (A); for every rule n → s1 . . . sn

follow(si) ⊇
n−1⋃

j≥i

δ(si+1 . . . sj) · first(sj+1)

∪ δ(si+1 . . . sn) · follow(n).

6.5 Push-down automata

Push-down automata (PDA) are the mechanical equivalent of context-free grammars. For
every context-free language, there is a push-down automaton that recognizes that language.

Formally, a push-down autamaton is a 7-tuple (Q, A, Γ, δ, q0, γ0, F ), where

1. the set Q contains control states; and

2. the set A is the input alphabet; and

3. the set Γ is the stack alphabet; and

614. the relation δ ⊆ (Q× (A ∪ {ε})× Γ)× (Q× Γ∗) is the transition relation; and

5. the control state q0 ∈ Q is the start state; and

6. the tape character γ0 ∈ Γ is the initial stack character; and

7. the states F ⊆ Q are final/accepting states.

During the execution of a PDA, each PDA machine configuration ς ∈ Σ is a triple:

ς ∈ Σ = A∗ × Γ∗ ×Q

Given a PDA M = (Q, A, Γ, δ, q0, γ0, F ), we can define a configuration-level transition rela-
tion (⇒M) ⊆ Σ× Σ for when an input character is consumed:

((q, a, γ), (q′,%γ′)) ∈ δ
(a : %a, γ : %γ, q) ⇒M (%a,%γ′ ++ %γ, q′),

and for when no input in consumed:

((q, ε, γ), (q′,%γ′)) ∈ δ
(%a, γ : %γ, q) ⇒M (%a,%γ′ ++ %γ, q′).

There are many equivalent ways to define when a PDA has accepted a string, but a common
criterion is that a PDA accepts a string when its input is empty and it is in a final state:

(w, 〈γ0〉, q0) ⇒∗ (ε,%γ′, q′) q′ ∈ F

w ∈ L(Q, A, Γ, δ, q0, γ0, F ).

By default, PDAs are assumed to be nondeterministic. Deterministic PDAs are identical,
except that the transition relation is actually a transition function:

δdeterministic ∈ (Q× (A ∪ {ε})× Γ) → (Q× Γ∗).

6.5.1 Recognizing languages with PDAs

Given a context-free grammar G = (A, N,R, n0), it is possible to construct a PDA M =
(Q, A, Γ, δ, q0, γ0, F ) so that L(G) = L(M). Specifically:

• Let Q = {q0, qmatch, qF}

• Let Γ = A ∪N ∪ {$}

• Let γ0 = $.
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Configurations

A machine configuration is 
the complete state of a machine 
for some point in its execution.



Example: x86

• Value of every byte in RAM

• Values of all registers

• Values of CPU flags

• Value of program counter



Example: DFA

• Remaining input: w

• Current control-state: q



PDA configuration
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Initial configuration

ς0 = (w, 〈γ0〉, q0)
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Configuration transition

(⇒) ⊆ Σ× Σ

(⇒) : Σ→ P(Σ)



Transition: Big idea

• Maybe consume an input character

• Maybe pop off the top stack character

• Maybe push several stack characters

• Maybe transition to a new control char

• Mix and match; PDA is nondeterministic



Configuration transition
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Checking acceptance

4. the relation δ ⊆ (Q× (A ∪ {ε})× Γ)× (Q× Γ∗) is the transition relation; and

5. the control state q0 ∈ Q is the start state; and

6. the tape character γ0 ∈ Γ is the initial stack character; and

7. the states F ⊆ Q are final/accepting states.

During the execution of a PDA, each PDA machine configuration ς ∈ Σ is a triple:

ς ∈ Σ = A∗ × Γ∗ ×Q

Given a PDA M = (Q, A, Γ, δ, q0, γ0, F ), we can define a configuration-level transition rela-
tion (⇒M) ⊆ Σ× Σ for when an input character is consumed:

(q, a, γ) δ (q′,%γ′)
(a : %a, γ : %γ, q) ⇒M (%a,%γ′ ++ %γ, q′),

and for when no input in consumed:

(q, ε, γ) δ (q′,%γ′)
(%a, γ : %γ, q) ⇒M (%a,%γ′ ++ %γ, q′).

There are many equivalent ways to define when a PDA has accepted a string, but a common
criterion is that a PDA accepts a string when its input is empty and it is in a final state:

(w, 〈γ0〉, q0) ⇒∗ (ε,%γ′, q′) q′ ∈ F

w ∈ L(Q, A, Γ, δ, q0, γ0, F ).

By default, PDAs are assumed to be nondeterministic. Deterministic PDAs are identical,
except that the transition relation is actually a transition function:

δdeterministic ∈ (Q× (A ∪ {ε})× Γ) → (Q× Γ∗).

6.5.1 Recognizing languages with PDAs

Given a context-free grammar G = (A, N,R, n0), it is possible to construct a PDA M =
(Q, A, Γ, δ, q0, γ0, F ) so that L(G) = L(M). Specifically:

• Let Q = {q0, qmatch, qF}

• Let Γ = A ∪N ∪ {$}

• Let γ0 = $.
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Example: Balanced ()



Balanced

• Γ = {), $}.

• γ0 = $.

• F = {qF}.

If the transition relation sees the end of the stack, it pops it:

(q0, ε, $) δ (qF , 〈〉),

and if it sees an open parenthesis, it will push:

(q0, (, γ) δ (qF , 〈(, γ〉),

and if it sees an closed parenthesis, it will pop:

(q0, ), )) δ (qF , 〈〉).

Diagrammatically, the transition relation looks like:

!"#$%&'(q0
ε,$→〈〉

!!

(,γ→〈(,γ〉

""

),)→〈〉

## !"#$%&'(qF

Thus, LB = L(PB). !

6.5.1 Recognizing context-free languages with PDAs

Given a context-free grammar G = (A, N,R, n0), it is possible to construct a PDA M =
(Q, A, Γ, δ, q0, γ0, F ) so that L(G) = L(M). Specifically:

• Let Q = {q0, qmatch, qF}

• Let Γ = A ∪N ∪ {$}

• Let γ0 = $.

• Let F = {qF}.

If in the initial state q0, the PDA will push the start symbol n0 onto the stack, and transition
to the control state qmatch. While in the control state qmatch, the transition rules will be:

1. If the top of the stack is a nonterminal n, pop n, select any rule (n → s0 . . . sn) ∈ R,
and push s0 . . . sn onto the stack.
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Deterministic PDA

4. the relation δ ⊆ (Q× (A ∪ {ε})× Γ)× (Q× Γ∗) is the transition relation; and

5. the control state q0 ∈ Q is the start state; and

6. the tape character γ0 ∈ Γ is the initial stack character; and

7. the states F ⊆ Q are final/accepting states.

During the execution of a PDA, each PDA machine configuration ς ∈ Σ is a triple:

ς ∈ Σ = A∗ × Γ∗ ×Q

Given a PDA M = (Q, A, Γ, δ, q0, γ0, F ), we can define a configuration-level transition rela-
tion (⇒M) ⊆ Σ× Σ for when an input character is consumed:

(q, a, γ) δ (q′,%γ′)
(a : %a, γ : %γ, q) ⇒M (%a,%γ′ ++ %γ, q′),

and for when no input in consumed:

(q, ε, γ) δ (q′,%γ′)
(%a, γ : %γ, q) ⇒M (%a,%γ′ ++ %γ, q′).

There are many equivalent ways to define when a PDA has accepted a string, but a common
criterion is that a PDA accepts a string when its input is empty and it is in a final state:

(w, 〈γ0〉, q0) ⇒∗ (ε,%γ′, q′) q′ ∈ F

w ∈ L(Q, A, Γ, δ, q0, γ0, F ).

By default, PDAs are assumed to be nondeterministic. Deterministic PDAs are identical,
except that the transition relation is actually a transition function:

δdeterministic ∈ (Q× A× Γ) → (Q× Γ∗).

Example 6.5. We return once again to the language of balanced parentheses, LB for an
example. A PDA that parses this language will push a closing parenthesis every time it
consumes an open parenthesis, and it will pop and consume a closed parenthesis every time
it sees a closed parenthesis.

Let PB = (Q, A, Γ, δ, q0, γ0, F ):

• Q = {q0, qF}.

• A = {(, )}.
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Recognizing CFGs



Big idea

• Use terminals + nonterminals for stack

• Start with the CFG’s starting symbol

• If nonterminal on top, replace with a rule

• If terminal on top, pop it and consume it



CFG => PDA

• Γ = {), $}.

• γ0 = $.

• F = {qF}.

If the transition relation sees the end of the stack, it pops it:

(q0, ε, $) δ (qF , 〈〉),
and if it sees an open parenthesis, it will push:

(q0, (, γ) δ (qF , 〈(, γ〉),
and if it sees an closed parenthesis, it will pop:

(q0, ), )) δ (qF , 〈〉).
Thus, LB = L(PB). !

6.5.1 Recognizing context-free languages with PDAs

Given a context-free grammar G = (A, N,R, n0), it is possible to construct a PDA M =
(Q, A, Γ, δ, q0, γ0, F ) so that L(G) = L(M). Specifically:

• Let Q = {q0, qmatch, qF}

• Let Γ = A ∪N ∪ {$}

• Let γ0 = $.

• Let F = {qF}.

If in the initial state q0, the PDA will push the start symbol n0 onto the stack, and transition
to the control state qmatch. While in the control state qmatch, the transition rules will be:

1. If the top of the stack is a nonterminal n, pop n, select any rule (n → s0 . . . sn) ∈ R,
and push s0 . . . sn onto the stack.

2. If the top of the stack is a character a, consume a from the input, and pop a.

3. If the top of the stack is the character $, pop $ and enter the accept state.

Formally, the transition relation δ needs four rules:

(q0, ε, $) δ (qmatch, 〈n0, $〉)
(qmatch, ε, n) δ (qmatch, 〈s1 . . . sm〉) if (n → s1 . . . sm) ∈ R

(qmatch, a, a) δ (qmatch, 〈〉)
(qmatch, ε, $) δ (qF , 〈〉).
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2. If the top of the stack is a character a, consume a from the input, and pop a.

3. If the top of the stack is the character $, pop $ and enter the accept state.

Formally, the transition relation δ needs four rules:

(q0, ε, $) δ (qmatch, 〈n0, $〉)
(qmatch, ε, n) δ (qmatch, 〈s1 . . . sm〉) if (n → s1 . . . sm) ∈ R

(qmatch, a, a) δ (qmatch, 〈〉)
(qmatch, ε, $) δ (qF , 〈〉).

63



CFG => PDA

2. If the top of the stack is a character a, consume a from the input, and pop a.

3. If the top of the stack is the character $, pop $ and enter the accept state.

Formally, the transition relation δ needs four rules:

(q0, ε, $) δ (qm, 〈n0, $〉)
(qm, ε, n) δ (qm, 〈s1 . . . sm〉) if (n → s1 . . . sm) ∈ R

(qm, a, a) δ (qm, 〈〉)
(qm, ε, $) δ (qF , 〈〉).

The transition relation δ can also be represented as a control-flow diagram:

!"#$%&'(q0
ε,$→〈n0,$〉

!! !"#$%&'(qm

ε,n→"s for every (n→"s)∈R

""

a,a→〈〉

##
ε,$→〈〉

!! !"#$%&'(qF

6.5.2 Parsing with PDAs

By modifying the construction above, it is possible to use a PDA to construct a parse tree for
a string in a language while attempting to recognize whether that string is in the language.
We will need to enrich the stack alphabet, the configuration-space and the configuration-level
transition so that the PDA constructs a parse tree as it executes. Specifically:

• Let Q = {q0, qm, qF}

• Let Γ = A ∪N ∪R ∪ {$}

• Let γ0 = $.

• Let F = {qF}.

That is, the stack alphabet now includes rules from the set R. When these are encountered,
it will signal to the PDA tree-constructing transition relation that it is time to reduce some
nodes.

The transition relation δ has a new rule, which just pops rules from the set R (without
consuming input) when it sees them on the stack. In addition, when it push on a the
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When a grammar is ambiguous, external policies are necessary in order to determine which
parse tree is to be preferred.

6.2.4 Left-recursive grammars

A left-recursive grammar is one that contains a symbol which may derive a new interme-
diate string, in which that symbol is at the head of the string. The grammar for arithmetic
expressions is the classic example of a left-recursive grammar. Left-recursive grammars are
ineligible for certain parsing strategies, which may require the left-recursion to be factored
out of the grammar before using it.

Example 6.2. Grammars describing lists are frequently left-recursive; for example:

S → S , x

S → x

but a grammar can be reformulated to avoid left-recursion:

S → x , S

S → x

!

6.3 Nondeterministic recursive-descent parsing

For non-left-recursive grammars, non-deterministic recursive-descent parsers can parse a
string in the language. While such parsers can handle ambiguous grammars, their running
time is potentially exponential in the size of the input string. In nondeterministic recursive-
descent parsers, every nonterminal symbol becomes a procedure that parses that symbol.
Each procedure accepts a stream-encoded version of the input, and either returns a parse
tree for that symbol, or it throws an exception to denote a failed parse. Consequently,
nondeterministic recursive-descent parsers guess a parse, and the back-track on failure.
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Formally, we can use a recursive structure T to encode parse trees:

t ∈ T = A + (R× T ∗),

so that characters in the alphabet are leaf nodes, and regular nodes are marked with the
rule they represent, plus a sequence of sub-trees corresponding to the children.

6.2.3 Ambiguous grammars

A grammar is ambiguous if there exists a string in the language it describes for which
there are two or more parse trees. For example, the grammar of arithmetic expressions,
GA = (A, N,R, n0), is ambiguous:

A = {(, ), +, *} ∪ Z
N = {E}
R $ E → E + E

R $ E → E * E

R $ E → z, for every z ∈ Z
n0 = E.

For an expression like 3 + 4 * 9, the above grammar admits both of these parse trees:
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Example: ()
Example 6.1. The parse tree for () ∈ LB is:

B

( B

ε

) B

ε

!

For example, we can create a context-free grammar GRE = (A, N,R, n0) that describes the
structure of simple regular expressions:

A = {(, ), a, . . . , z, |, *}
N = {E, T, F,K}
R " E → T | E

R " E → T

R " T → F T

R " T → F

R " F → K*

R " F → K

R " K → (E)

R " K → a, for every a ∈ {a, . . . , z}
n0 = E.

Then, the parse tree diagram for the regular expression (a|b)* becomes:
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Formally, we can use a recursive structure T to encode parse trees:

t ∈ T = A + (R× T ∗),

so that characters in the alphabet are leaf nodes, and regular nodes are marked with the
rule they represent, plus a sequence of sub-trees corresponding to the children. Formally,
the parse tree for () is (B → (B)B, 〈(, (B → ε, 〈〉), ), (B → ε, 〈〉)〉).

6.2.3 Ambiguous grammars

A grammar is ambiguous if there exists a string in the language it describes for which
there are two or more parse trees. For example, the grammar of arithmetic expressions,
GA = (A, N,R, n0), is ambiguous:

A = {(, ), +, *} ∪ Z
N = {E}
R ' E → E + E

R ' E → E * E

R ' E → z, for every z ∈ Z
n0 = E.

For an expression like 3 + 4 * 9, the above grammar admits both of these parse trees:
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• Include reduction rule hints in PDA

• Construct the tree in bottom-up fashion



CFG => PDA => Tree

2. If the top of the stack is a character a, consume a from the input, and pop a.

3. If the top of the stack is the character $, pop $ and enter the accept state.

Formally, the transition relation δ needs four rules:

(q0, ε, $) δ (qm, 〈n0, $〉)
(qm, ε, n) δ (qm, 〈s1 . . . sm〉) if (n → s1 . . . sm) ∈ R

(qm, a, a) δ (qm, 〈〉)
(qm, ε, $) δ (qF , 〈〉).

The transition relation δ can also be represented as a control-flow diagram:

!"#$%&'(q0
ε,$→〈n0,$〉

!! !"#$%&'(qm

ε,n→"s for every (n→"s)∈R

""

a,a→〈〉

##
ε,$→〈〉

!! !"#$%&'(qF

6.5.2 Parsing with PDAs

By modifying the construction above, it is possible to use a PDA to construct a parse tree for
a string in a language while attempting to recognize whether that string is in the language.
We will need to enrich the stack alphabet, the configuration-space and the configuration-level
transition so that the PDA constructs a parse tree as it executes. Specifically:

• Let Q = {q0, qm, qF}

• Let Γ = A ∪N ∪R ∪ {$}

• Let γ0 = $.

• Let F = {qF}.

That is, the stack alphabet now includes rules from the set R. When these are encountered,
it will signal to the PDA tree-constructing transition relation that it is time to reduce some
nodes.

The transition relation δ has a new rule, which just pops rules from the set R (without
consuming input) when it sees them on the stack. In addition, when it push on a the
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CFG => PDA => Tree

symbols for a rule, it also pushes on the rule itself:

(q0, ε, $) δ (qm, 〈n0, $〉)
(qm, ε, n) δ (qm, 〈s1, . . . , sm, (n → s1 . . . sm)〉) if (n → s1 . . . sm) ∈ R

(qm, a, a) δ (qm, 〈〉)
(qm, ε, $) δ (qF , 〈〉)

(qm, ε, n → s1 . . . sm) δ (qm, 〈〉).

The configuration-level transition relation (⇒) is now labeled to indicate what stack charac-
ter (if any) is popped during transition.n and it uses this information to construct the parse
tree. The parser will watch for when terminal characters in the set A are popped, and when
rules in the set R are popped.

Then, we create a parser-space which contains both a PDA configuration and a parse-tree
stack :

ψ ∈ Ψ =Σ × T ∗.

A new transition rule on this space, (!) ⊆ Ψ × Ψ, constructs the parse tree as it executes
the machine. When a character from the alphabet pops, it pushes that character on the the
parse-tree stack:

ς ⇒a ς ′

(ς,%t) ! (ς ′, a : %t).

When a rule pops, it performs a reduction for that rule on the parse tree stack:

ς ⇒n→s1...sm ς ′

(ς, 〈tm, . . . , t1〉 ++ %t) ! (ς ′, (n → s1 . . . sm, 〈t1, . . . , tm〉) : %t).

When a non-terminal pops or when nothing pops, the tree stack remains unchanged:

ς ⇒n ς ′ or ς ⇒ε ς ′

(ς,%t) ! (ς ′,%t).

6.6 The derivative of a context-free grammar

The derivative is defined for all formal languages. We have already shown that regular
languages are closed under the derivative; that is, the derivative of a regular language is still
a regular language. Remarkably, context-free languages are also closed under the derivative,
although it may not be computed with structural recursion as in the case of regular languages.

Given a context-free grammar G = (A, N,R, n0), the derivative of the language L(G) with
respect to the character c is Dc(L(G)):

Dc(L(G)) = (A, N ′, R′, n′0), where
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Parsing machine

symbols for a rule, it also pushes on the rule itself:
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(qm, a, a) δ (qm, 〈〉)
(qm, ε, $) δ (qF , 〈〉)

(qm, ε, n → s1 . . . sm) δ (qm, 〈〉).
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ter (if any) is popped during transition.n and it uses this information to construct the parse
tree. The parser will watch for when terminal characters in the set A are popped, and when
rules in the set R are popped.

Then, we create a parser-space which contains both a PDA configuration and a parse-tree
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A new transition rule on this space, (!) ⊆ Ψ × Ψ, constructs the parse tree as it executes
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languages are closed under the derivative; that is, the derivative of a regular language is still
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although it may not be computed with structural recursion as in the case of regular languages.
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Rule 1

symbols for a rule, it also pushes on the rule itself:

(q0, ε, $) δ (qm, 〈n0, $〉)
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6.6 The derivative of a context-free grammar

The derivative is defined for all formal languages. We have already shown that regular
languages are closed under the derivative; that is, the derivative of a regular language is still
a regular language. Remarkably, context-free languages are also closed under the derivative,
although it may not be computed with structural recursion as in the case of regular languages.

Given a context-free grammar G = (A, N,R, n0), the derivative of the language L(G) with
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Rule 2

symbols for a rule, it also pushes on the rule itself:

(q0, ε, $) δ (qm, 〈n0, $〉)
(qm, ε, n) δ (qm, 〈s1, . . . , sm, (n → s1 . . . sm)〉) if (n → s1 . . . sm) ∈ R

(qm, a, a) δ (qm, 〈〉)
(qm, ε, $) δ (qF , 〈〉)

(qm, ε, n → s1 . . . sm) δ (qm, 〈〉).

The configuration-level transition relation (⇒) is now labeled to indicate what stack charac-
ter (if any) is popped during transition.n and it uses this information to construct the parse
tree. The parser will watch for when terminal characters in the set A are popped, and when
rules in the set R are popped.

Then, we create a parser-space which contains both a PDA configuration and a parse-tree
stack :

ψ ∈ Ψ =Σ × T ∗.

A new transition rule on this space, (!) ⊆ Ψ × Ψ, constructs the parse tree as it executes
the machine. When a character from the alphabet pops, it pushes that character on the the
parse-tree stack:

ς ⇒a ς ′
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When a non-terminal pops or when nothing pops, the tree stack remains unchanged:
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(ς,%t) ! (ς ′,%t).

6.6 The derivative of a context-free grammar

The derivative is defined for all formal languages. We have already shown that regular
languages are closed under the derivative; that is, the derivative of a regular language is still
a regular language. Remarkably, context-free languages are also closed under the derivative,
although it may not be computed with structural recursion as in the case of regular languages.
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Dc(L(G)) = (A, N ′, R′, n′0), where
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Rule 3
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Given a context-free grammar G = (A, N,R, n0), the derivative of the language L(G) with
respect to the character c is Dc(L(G)):

Dc(L(G)) = (A, N ′, R′, n′0), where
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Derivatives

3.3 Derivatives of formal languages

A less common, yet still useful, operation on formal languages is the derivative. The left
derivative of a formal language L with respect to character c, denoted DcL, is the remainder
of the strings in the set L for which the character c can be removed from the front:

DcL = {w : cw ∈ L} .

Example 3.1. The left derivative of the set {foo, frak, bar} with respect to the character
c is:

Dc {foo, frak, bar} = {oo, rak} .

!

Where the derivative of a language is computable, it may be possible to a string in that
language using derivatives, thanks to the following equivalence:

w ∈ Dc(L)

cw ∈ L.

If it is computable to take successive derivatives of a language, and it is possible to test
whether or not one of those derivatives accepts the empty string, then it is possible to use
the derivative to test whether a string is in a language. The algorithm is straightforward:
(1) compute the derivative of the language with respect to each character in the string; and
(2) test whether the resulting language accepts the empty string.

3.3.1 Computing the derivative

For languages composed of other languages through the familiar formal language operations,
it is frequently possible to formulate the derivative of such a language recursively.

For the empty language, the derivative is empty:

Dc∅ = ∅.

For the empty-string language, the derivative is also empty:

Dc {ε} = ∅.

For one-character languages:

Dc {c} = {ε}
Dc {c′} = ∅ if c #= c′.
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Example

3.3 Derivatives of formal languages

A less common, yet still useful, operation on formal languages is the derivative. The left
derivative of a formal language L with respect to character c, denoted DcL, is the remainder
of the strings in the set L for which the character c can be removed from the front:

DcL = {w : cw ∈ L} .

Example 3.1. The left derivative of the set {foo, frak, bar} with respect to the character
f is:

Df {foo, frak, bar} = {oo, rak} .

!

Where the derivative of a language is computable, it may be possible to a string in that
language using derivatives, thanks to the following equivalence:

w ∈ Dc(L)

cw ∈ L.

If it is computable to take successive derivatives of a language, and it is possible to test
whether or not one of those derivatives accepts the empty string, then it is possible to use
the derivative to test whether a string is in a language. The algorithm is straightforward:
(1) compute the derivative of the language with respect to each character in the string; and
(2) test whether the resulting language accepts the empty string.

3.3.1 Computing the derivative

For languages composed of other languages through the familiar formal language operations,
it is frequently possible to formulate the derivative of such a language recursively.

For the empty language, the derivative is empty:

Dc∅ = ∅.

For the empty-string language, the derivative is also empty:

Dc {ε} = ∅.

For one-character languages:

Dc {c} = {ε}
Dc {c′} = ∅ if c #= c′.
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Derivative of CFL

symbols for a rule, it also pushes on the rule itself:

(q0, ε, $) δ (qm, 〈n0, $〉)
(qm, ε, n) δ (qm, 〈s1, . . . , sm, (n → s1 . . . sm)〉) if (n → s1 . . . sm) ∈ R

(qm, a, a) δ (qm, 〈〉)
(qm, ε, $) δ (qF , 〈〉)

(qm, ε, n → s1 . . . sm) δ (qm, 〈〉).

The configuration-level transition relation (⇒) is now labeled to indicate what stack charac-
ter (if any) is popped during transition.n and it uses this information to construct the parse
tree. The parser will watch for when terminal characters in the set A are popped, and when
rules in the set R are popped.

Then, we create a parser-space which contains both a PDA configuration and a parse-tree
stack :

ψ ∈ Ψ =Σ × T ∗.

A new transition rule on this space, (!) ⊆ Ψ × Ψ, constructs the parse tree as it executes
the machine. When a character from the alphabet pops, it pushes that character on the the
parse-tree stack:

ς ⇒a ς ′

(ς,%t) ! (ς ′, a : %t).

When a rule pops, it performs a reduction for that rule on the parse tree stack:

ς ⇒n→s1...sm ς ′

(ς, 〈tm, . . . , t1〉 ++ %t) ! (ς ′, (n → s1 . . . sm, 〈t1, . . . , tm〉) : %t).

When a non-terminal pops or when nothing pops, the tree stack remains unchanged:

ς ⇒n ς ′ or ς ⇒ε ς ′

(ς,%t) ! (ς ′,%t).

6.6 The derivative of a context-free grammar

The derivative is defined for all formal languages. We have already shown that regular
languages are closed under the derivative; that is, the derivative of a regular language is still
a regular language. Remarkably, context-free languages are also closed under the derivative,
although it may not be computed with structural recursion as in the case of regular languages.

Given a context-free grammar G = (A, N,R, n0), the derivative of the language L(G) with
respect to the character c is Dc(L(G)):

Dc(L(G)) = L(A, N ′, R′, n′0), where
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Nonterminals

• the derivative of a single alphabet character is the empty nonterminal:

Dc(a) = ∅; and

• for each nonterminal n ∈ N , we define a new, distinct nonterminal, Dc(n), so that:

N ′ = N ∪ {Dc(n) : n ∈ N} ; and

• for each rule (n → s1 . . . sm), if the sequence s1 . . . si is nullable, then:

[Dc(n) → Dc(si+1)si+2 . . . sm] ∈ R′,

and if m = 0, then :
Dc(n → ∅),

and
(n → s1 . . . sm) ∈ R′.

• n′
0 = Dc(n0).

6.6.1 Optimizing the computation of the derivative

Computed näıvely, the derivative of a context-free grammar generates up to |N | × m new
rules, where m is the length of the longest rule. In practice, derivatives should be com-
puted on demand and, of course, never re-computed. By on-demand, it does mean that a
derivative should be computed as soon the non-terminal Dc(n) appears. Rather, it should be
computed only once the non-terminal Dc(n) is itself derived. Laziness and by-name param-
eters in languages like Scala and Haskell make delaying such computations until necessary
straightforward.

Secondly, any rule n → s1 . . . ∅ . . . sm may be replaced by n → ∅. In addition, if a nonterminal
generates only the empty set symbol ∅, then that nonterminal should be replaced by the
empty set symbol ∅ in every rule in which it appears.

6.6.2 Parsing with derivatives

In order to understand parsing with derivatives, we must first explore parse strings. A parse
string is a post-order rendering of a parse tree as a string. For example, for the grammar
of balanced-parentheses GB, the parse tree for the string () is:

B

( B

ε

) B

ε
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Rules
• the derivative of a single alphabet character is the empty nonterminal:

Dc(a) = ∅; and

• for each nonterminal n ∈ N , we define a new, distinct nonterminal, Dc(n), so that:

N ′ = N ∪ {Dc(n) : n ∈ N} ; and

• for each rule (n → s1 . . . sm), if the sequence s1 . . . si is nullable, then:

[Dc(n) → Dc(si+1)si+2 . . . sm] ∈ R′,

and if m = 0, then :
Dc(n → ∅),

and
(n → s1 . . . sm) ∈ R′.

• n′
0 = Dc(n0).

6.6.1 Optimizing the computation of the derivative

Computed näıvely, the derivative of a context-free grammar generates up to |N | × m new
rules, where m is the length of the longest rule. In practice, derivatives should be com-
puted on demand and, of course, never re-computed. By on-demand, it does mean that a
derivative should be computed as soon the non-terminal Dc(n) appears. Rather, it should be
computed only once the non-terminal Dc(n) is itself derived. Laziness and by-name param-
eters in languages like Scala and Haskell make delaying such computations until necessary
straightforward.

Secondly, any rule n → s1 . . . ∅ . . . sm may be replaced by n → ∅. In addition, if a nonterminal
generates only the empty set symbol ∅, then that nonterminal should be replaced by the
empty set symbol ∅ in every rule in which it appears.

6.6.2 Parsing with derivatives

In order to understand parsing with derivatives, we must first explore parse strings. A parse
string is a post-order rendering of a parse tree as a string. For example, for the grammar
of balanced-parentheses GB, the parse tree for the string () is:
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Start symbol

• the derivative of a single alphabet character is the empty nonterminal:

Dc(a) = ∅; and

• for each nonterminal n ∈ N , we define a new, distinct nonterminal, Dc(n), so that:

N ′ = N ∪ {Dc(n) : n ∈ N} ; and

• for each rule (n → s1 . . . sm), if the sequence s1 . . . si is nullable, then:

[Dc(n) → Dc(si+1)si+2 . . . sm] ∈ R′,

and if m = 0, then :
Dc(n → ∅),

and
(n → s1 . . . sm) ∈ R′.

• n′
0 = Dc(n0).

6.6.1 Optimizing the computation of the derivative

Computed näıvely, the derivative of a context-free grammar generates up to |N | × m new
rules, where m is the length of the longest rule. In practice, derivatives should be com-
puted on demand and, of course, never re-computed. By on-demand, it does mean that a
derivative should be computed as soon the non-terminal Dc(n) appears. Rather, it should be
computed only once the non-terminal Dc(n) is itself derived. Laziness and by-name param-
eters in languages like Scala and Haskell make delaying such computations until necessary
straightforward.

Secondly, any rule n → s1 . . . ∅ . . . sm may be replaced by n → ∅. In addition, if a nonterminal
generates only the empty set symbol ∅, then that nonterminal should be replaced by the
empty set symbol ∅ in every rule in which it appears.

6.6.2 Parsing with derivatives

In order to understand parsing with derivatives, we must first explore parse strings. A parse
string is a post-order rendering of a parse tree as a string. For example, for the grammar
of balanced-parentheses GB, the parse tree for the string () is:
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Matching

3.3 Derivatives of formal languages

A less common, yet still useful, operation on formal languages is the derivative. The left
derivative of a formal language L with respect to character c, denoted DcL, is the remainder
of the strings in the set L for which the character c can be removed from the front:

DcL = {w : cw ∈ L} .

Example 3.1. The left derivative of the set {foo, frak, bar} with respect to the character
c is:

Dc {foo, frak, bar} = {oo, rak} .

!

Where the derivative of a language is computable, it may be possible to a string in that
language using derivatives, thanks to the following equivalence:

w ∈ Dc(L)

cw ∈ L.

If it is computable to take successive derivatives of a language, and it is possible to test
whether or not one of those derivatives accepts the empty string, then it is possible to use
the derivative to test whether a string is in a language. The algorithm is straightforward:
(1) compute the derivative of the language with respect to each character in the string; and
(2) test whether the resulting language accepts the empty string.

3.3.1 Computing the derivative

For languages composed of other languages through the familiar formal language operations,
it is frequently possible to formulate the derivative of such a language recursively.

For the empty language, the derivative is empty:

Dc∅ = ∅.

For the empty-string language, the derivative is also empty:

Dc {ε} = ∅.

For one-character languages:

Dc {c} = {ε}
Dc {c′} = ∅ if c #= c′.
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Optimizing derivative

• Compute Dc lazily -- when derived, firsted

• Short-circuit computation once ∅ appears



Parsing strategy

• Augment language to emit parse strings



Parse strings

• Post-order rendering of a parse tree

• Encodes information to rebuild parse tree



Example
Example 6.1. The parse tree for () ∈ LB is:

B

( B

ε

) B

ε

!

For example, we can create a context-free grammar GRE = (A, N,R, n0) that describes the
structure of simple regular expressions:

A = {(, ), a, . . . , z, |, *}
N = {E, T, F,K}
R " E → T | E

R " E → T

R " T → F T

R " T → F

R " F → K*

R " F → K

R " K → (E)

R " K → a, for every a ∈ {a, . . . , z}
n0 = E.

Then, the parse tree diagram for the regular expression (a|b)* becomes:

55

The post-order rendering of this tree renders from the leftmost-child to the rightmost right-
child and then finally the rule itself, leading to the parse string:

([B → ε])[B → ε][B → (B)B].

Parse strings are a useful rendering, because it is straightforward to convert them back into
parse trees with an online algorithm. In fact, the Ψ-level transition system ussed to parse
with PDAs is one such algorithm. The ability to generate parse trees did not depend on
the structure of the internal state ς. All that mattered to the parsing relation (!) was the
sequence of labels. Hence, we can define a new Σ-level transition relation for parse strings,
where Σ = (A ∪R)∗:

c : #c⇒c #c,

and then use it with the parsing relation (!) to produce a parse tree. What this shows is
that if we can find a way to have derivatives produce the right labels in a transition system,
then the parsing relation (!) can turn these labels into a parse tree.

To accomplish this for any given grammar, G = (A, N,R, n0), we construct a new grammar
G′ = (A ∪ R, N, R′, n0), over parse strings of this grammar, where for every r ∈ R, if
r = (n→ s1 . . . sm), then

(n→ s1 . . . smr) ∈ R′.

The internal configuration-space of the derivative-based machine is the current input string
paired with a context-free language over the alphabet A ∪R:

ς ∈ Σ = (A ∪R)∗ × LCF(A ∪R).

The configuration-level transition (⇒) ⊆ Σ × Σ nondeterministically forks to consume any
rules that appear as the first character in the parse-string language:

r ∈ first(L)
(w, L)⇒r (w, Dr(L)),

and it always attempts to take the derivative with respect to the first character of the input
string:

(aw, L)⇒a (w, Dc(L)).

Because the transition relation (⇒) is nondeterministic, it may produce more than one parse
tree for ambiguous grammars.
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Parsing machine

symbols for a rule, it also pushes on the rule itself:

(q0, ε, $) δ (qm, 〈n0, $〉)
(qm, ε, n) δ (qm, 〈s1, . . . , sm, (n → s1 . . . sm)〉) if (n → s1 . . . sm) ∈ R

(qm, a, a) δ (qm, 〈〉)
(qm, ε, $) δ (qF , 〈〉)

(qm, ε, n → s1 . . . sm) δ (qm, 〈〉).

The configuration-level transition relation (⇒) is now labeled to indicate what stack charac-
ter (if any) is popped during transition.n and it uses this information to construct the parse
tree. The parser will watch for when terminal characters in the set A are popped, and when
rules in the set R are popped.

Then, we create a parser-space which contains both a PDA configuration and a parse-tree
stack :

ψ ∈ Ψ =Σ × T ∗.

A new transition rule on this space, (!) ⊆ Ψ × Ψ, constructs the parse tree as it executes
the machine. When a character from the alphabet pops, it pushes that character on the the
parse-tree stack:

ς ⇒a ς ′

(ς,%t) ! (ς ′, a : %t).

When a rule pops, it performs a reduction for that rule on the parse tree stack:

ς ⇒n→s1...sm ς ′

(ς, 〈tm, . . . , t1〉 ++ %t) ! (ς ′, (n → s1 . . . sm, 〈t1, . . . , tm〉) : %t).

When a non-terminal pops or when nothing pops, the tree stack remains unchanged:

ς ⇒n ς ′ or ς ⇒ε ς ′

(ς,%t) ! (ς ′,%t).

6.6 The derivative of a context-free grammar

The derivative is defined for all formal languages. We have already shown that regular
languages are closed under the derivative; that is, the derivative of a regular language is still
a regular language. Remarkably, context-free languages are also closed under the derivative,
although it may not be computed with structural recursion as in the case of regular languages.

Given a context-free grammar G = (A, N,R, n0), the derivative of the language L(G) with
respect to the character c is Dc(L(G)):

Dc(L(G)) = (A, N ′, R′, n′0), where
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symbols for a rule, it also pushes on the rule itself:

(q0, ε, $) δ (qm, 〈n0, $〉)
(qm, ε, n) δ (qm, 〈s1, . . . , sm, (n → s1 . . . sm)〉) if (n → s1 . . . sm) ∈ R

(qm, a, a) δ (qm, 〈〉)
(qm, ε, $) δ (qF , 〈〉)

(qm, ε, n → s1 . . . sm) δ (qm, 〈〉).

The configuration-level transition relation (⇒) is now labeled to indicate what stack charac-
ter (if any) is popped during transition.n and it uses this information to construct the parse
tree. The parser will watch for when terminal characters in the set A are popped, and when
rules in the set R are popped.

Then, we create a parser-space which contains both a PDA configuration and a parse-tree
stack :

ψ ∈ Ψ =Σ × T ∗.

A new transition rule on this space, (!) ⊆ Ψ × Ψ, constructs the parse tree as it executes
the machine. When a character from the alphabet pops, it pushes that character on the the
parse-tree stack:

ς ⇒a ς ′

(ς,%t) ! (ς ′, a : %t).

When a rule pops, it performs a reduction for that rule on the parse tree stack:

ς ⇒n→s1...sm ς ′

(ς, 〈tm, . . . , t1〉 ++ %t) ! (ς ′, (n → s1 . . . sm, 〈t1, . . . , tm〉) : %t).

When a non-terminal pops or when nothing pops, the tree stack remains unchanged:

ς ⇒n ς ′ or ς ⇒ε ς ′

(ς,%t) ! (ς ′,%t).

6.6 The derivative of a context-free grammar

The derivative is defined for all formal languages. We have already shown that regular
languages are closed under the derivative; that is, the derivative of a regular language is still
a regular language. Remarkably, context-free languages are also closed under the derivative,
although it may not be computed with structural recursion as in the case of regular languages.

Given a context-free grammar G = (A, N,R, n0), the derivative of the language L(G) with
respect to the character c is Dc(L(G)):

Dc(L(G)) = (A, N ′, R′, n′0), where
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Example



Example

ς ⇒( ς ⇒[B→ε] ς ′ ⇒) ς ′′ ⇒[B→ε] ς ′′′ ⇒[B→(B)B]

The post-order rendering of this tree renders from the leftmost-child to the rightmost right-
child and then finally the rule itself, leading to the parse string:

([B → ε])[B → ε][B → (B)B].

Parse strings are a useful rendering, because it is straightforward to convert them back into
parse trees with an online algorithm. In fact, the Ψ-level transition system ussed to parse
with PDAs is one such algorithm. The ability to generate parse trees did not depend on
the structure of the internal state ς. All that mattered to the parsing relation (!) was the
sequence of labels. Hence, we can define a new Σ-level transition relation for parse strings,
where Σ = (A ∪R)∗:

c : #c⇒c #c,

and then use it with the parsing relation (!) to produce a parse tree. What this shows is
that if we can find a way to have derivatives produce the right labels in a transition system,
then the parsing relation (!) can turn these labels into a parse tree.

To accomplish this for any given grammar, G = (A, N,R, n0), we construct a new grammar
G′ = (A ∪ R, N, R′, n0), over parse strings of this grammar, where for every r ∈ R, if
r = (n→ s1 . . . sm), then

(n→ s1 . . . smr) ∈ R′.

The internal configuration-space of the derivative-based machine is the current input string
paired with a context-free language over the alphabet A ∪R:

ς ∈ Σ = (A ∪R)∗ × LCF(A ∪R).

The configuration-level transition (⇒) ⊆ Σ × Σ nondeterministically forks to consume any
rules that appear as the first character in the parse-string language:

r ∈ first(L)
(w, L)⇒r (w, Dr(L)),

and it always attempts to take the derivative with respect to the first character of the input
string:

(aw, L)⇒a (w, Dc(L)).

Because the transition relation (⇒) is nondeterministic, it may produce more than one parse
tree for ambiguous grammars.
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Derivative machine

The post-order rendering of this tree renders from the leftmost-child to the rightmost right-
child and then finally the rule itself, leading to the parse string:

([B → ε])[B → ε][B → (B)B].

Parse strings are a useful rendering, because it is straightforward to convert them back into
parse trees with an online algorithm. In fact, the Ψ-level transition system ussed to parse
with PDAs is one such algorithm. The ability to generate parse trees did not depend on
the structure of the internal state ς. All that mattered to the parsing relation (!) was the
sequence of labels. Hence, we can define a new Σ-level transition relation for parse strings,
where Σ = (A ∪R)∗:

c : #c⇒c #c,

and then use it with the parsing relation (!) to produce a parse tree. What this shows is
that if we can find a way to have derivatives produce the right labels in a transition system,
then the parsing relation (!) can turn these labels into a parse tree.

To accomplish this for any given grammar, G = (A, N,R, n0), we construct a new grammar
G′ = (A ∪ R, N, R′, n0), over parse strings of this grammar, where for every r ∈ R, if
r = (n→ s1 . . . sm), then

(n→ s1 . . . smr) ∈ R′.

The internal configuration-space of the derivative-based machine is the current input string
paired with a context-free language over the alphabet A ∪R:

ς ∈ Σ = (A ∪R)∗ × LCF(A ∪R).

The configuration-level transition (⇒) ⊆ Σ × Σ nondeterministically forks to consume any
rules that appear as the first character in the parse-string language:

r ∈ first(L)
(w, L)⇒r (w, Dr(L)),

and it always attempts to take the derivative with respect to the first character of the input
string:

(aw, L)⇒a (w, Dc(L)).

Because the transition relation (⇒) is nondeterministic, it may produce more than one parse
tree for ambiguous grammars.
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The post-order rendering of this tree renders from the leftmost-child to the rightmost right-
child and then finally the rule itself, leading to the parse string:

([B → ε])[B → ε][B → (B)B].

Parse strings are a useful rendering, because it is straightforward to convert them back into
parse trees with an online algorithm. In fact, the Ψ-level transition system ussed to parse
with PDAs is one such algorithm. The ability to generate parse trees did not depend on
the structure of the internal state ς. All that mattered to the parsing relation (!) was the
sequence of labels. Hence, we can define a new Σ-level transition relation for parse strings,
where Σ = (A ∪R)∗:

c : #c⇒c #c,

and then use it with the parsing relation (!) to produce a parse tree. What this shows is
that if we can find a way to have derivatives produce the right labels in a transition system,
then the parsing relation (!) can turn these labels into a parse tree.

To accomplish this for any given grammar, G = (A, N,R, n0), we construct a new grammar
G′ = (A ∪ R, N, R′, n0), over parse strings of this grammar, where for every r ∈ R, if
r = (n→ s1 . . . sm), then

(n→ s1 . . . smr) ∈ R′.

The internal configuration-space of the derivative-based machine is the current input string
paired with a context-free language over the alphabet A ∪R:

ς ∈ Σ = (A ∪R)∗ × LCF(A ∪R).

The configuration-level transition (⇒) ⊆ Σ × Σ nondeterministically forks to consume any
rules that appear as the first character in the parse-string language:

r ∈ first(L)
(w, L)⇒r (w, Dr(L)),

and it always attempts to take the derivative with respect to the first character of the input
string:

(aw, L)⇒a (w, Dc(L)).

Because the transition relation (⇒) is nondeterministic, it may produce more than one parse
tree for ambiguous grammars.
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Configurations

The post-order rendering of this tree renders from the leftmost-child to the rightmost right-
child and then finally the rule itself, leading to the parse string:

([B → ε])[B → ε][B → (B)B].

Parse strings are a useful rendering, because it is straightforward to convert them back into
parse trees with an online algorithm. In fact, the Ψ-level transition system ussed to parse
with PDAs is one such algorithm. The ability to generate parse trees did not depend on
the structure of the internal state ς. All that mattered to the parsing relation (!) was the
sequence of labels. Hence, we can define a new Σ-level transition relation for parse strings,
where Σ = (A ∪R)∗:

c : #c⇒c #c,

and then use it with the parsing relation (!) to produce a parse tree. What this shows is
that if we can find a way to have derivatives produce the right labels in a transition system,
then the parsing relation (!) can turn these labels into a parse tree.

To accomplish this for any given grammar, G = (A, N,R, n0), we construct a new grammar
G′ = (A ∪ R, N, R′, n0), over parse strings of this grammar, where for every r ∈ R, if
r = (n→ s1 . . . sm), then

(n→ s1 . . . smr) ∈ R′.

The internal configuration-space of the derivative-based machine is the current input string
paired with a context-free language over the alphabet A ∪R:

ς ∈ Σ = A∗ × LCF(A ∪R).

The configuration-level transition (⇒) ⊆ Σ × Σ nondeterministically forks to consume any
rules that appear as the first character in the parse-string language:

r ∈ first(L)
(w, L)⇒r (w, Dr(L)),

and it always attempts to take the derivative with respect to the first character of the input
string:

(aw, L)⇒a (w, Dc(L)).

Because the transition relation (⇒) is nondeterministic, it may produce more than one parse
tree for ambiguous grammars.
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Shift

The post-order rendering of this tree renders from the leftmost-child to the rightmost right-
child and then finally the rule itself, leading to the parse string:

([B → ε])[B → ε][B → (B)B].

Parse strings are a useful rendering, because it is straightforward to convert them back into
parse trees with an online algorithm. In fact, the Ψ-level transition system ussed to parse
with PDAs is one such algorithm. The ability to generate parse trees did not depend on
the structure of the internal state ς. All that mattered to the parsing relation (!) was the
sequence of labels. Hence, we can define a new Σ-level transition relation for parse strings,
where Σ = (A ∪R)∗:

c : #c⇒c #c,

and then use it with the parsing relation (!) to produce a parse tree. What this shows is
that if we can find a way to have derivatives produce the right labels in a transition system,
then the parsing relation (!) can turn these labels into a parse tree.

To accomplish this for any given grammar, G = (A, N,R, n0), we construct a new grammar
G′ = (A ∪ R, N, R′, n0), over parse strings of this grammar, where for every r ∈ R, if
r = (n→ s1 . . . sm), then

(n→ s1 . . . smr) ∈ R′.

The internal configuration-space of the derivative-based machine is the current input string
paired with a context-free language over the alphabet A ∪R:

ς ∈ Σ = A∗ × LCF(A ∪R).

The configuration-level transition (⇒) ⊆ Σ × Σ nondeterministically forks to consume any
rules that appear as the first character in the parse-string language:

r ∈ first(L)
(w, L)⇒r (w, Dr(L)),

and it always attempts to take the derivative with respect to the first character of the input
string:

(aw, L)⇒a (w, Dc(L)).

Because the transition relation (⇒) is nondeterministic, it may produce more than one parse
tree for ambiguous grammars.
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Reduce

The post-order rendering of this tree renders from the leftmost-child to the rightmost right-
child and then finally the rule itself, leading to the parse string:

([B → ε])[B → ε][B → (B)B].

Parse strings are a useful rendering, because it is straightforward to convert them back into
parse trees with an online algorithm. In fact, the Ψ-level transition system ussed to parse
with PDAs is one such algorithm. The ability to generate parse trees did not depend on
the structure of the internal state ς. All that mattered to the parsing relation (!) was the
sequence of labels. Hence, we can define a new Σ-level transition relation for parse strings,
where Σ = (A ∪R)∗:

c : #c⇒c #c,

and then use it with the parsing relation (!) to produce a parse tree. What this shows is
that if we can find a way to have derivatives produce the right labels in a transition system,
then the parsing relation (!) can turn these labels into a parse tree.

To accomplish this for any given grammar, G = (A, N,R, n0), we construct a new grammar
G′ = (A ∪ R, N, R′, n0), over parse strings of this grammar, where for every r ∈ R, if
r = (n→ s1 . . . sm), then

(n→ s1 . . . smr) ∈ R′.

The internal configuration-space of the derivative-based machine is the current input string
paired with a context-free language over the alphabet A ∪R:

ς ∈ Σ = A∗ × LCF(A ∪R).

The configuration-level transition (⇒) ⊆ Σ × Σ nondeterministically forks to consume any
rules that appear as the first character in the parse-string language:

r ∈ first(L)
(w, L)⇒r (w, Dr(L)),

and it always attempts to take the derivative with respect to the first character of the input
string:

(aw, L)⇒a (w, Dc(L)).

Because the transition relation (⇒) is nondeterministic, it may produce more than one parse
tree for ambiguous grammars.
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Intuition trivia

• Derivative of context-sensitive closed?

• Derivative of Turing-recognizable possible?



Project questions?


