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What is parsing?

A parser converts a token stream
from the lexer into a parse tree.
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Chapter 6

Context-free languages

Context-free languages are the formalism most frequently used to describe the syntactic
structure of modern programming languages. As a class of languages, context-free languages
are strictly larger than the languages described by regular expressions. The key feature
of context-free languages that makes them so useful is their ability to recognize recursive
structure. Recursive structure refers to properties like evenly balanced parentheses, brackets
and braces.

The enumerative form of context-free languages are context-free grammars (CFGs). These
CFGs are concise descriptions of the phrasal structure of languages, and they determine a
natural mapping from a string into a parse tree. The mechanical equivalent of context-free
grammars are push-down automata. Deterministic push-down automata, in particular, are
the foundation of parser-generator theory.

In compilation, context-free languages are used to construct parse trees of token sequences.
For example, if the input program f x = x gives yields the token sequence:

ID(f) ID(x) EQUAL ID(x)

then, its parse tree (depending on the grammar) might look like:

Dec

FunDef

ID(f) ArgList

Arg

ID(x)

EQUAL Expr

Ref

ID(x)
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Parsing methods

• LALR(k)

• LR(k)

• SLR(k)

• LL(k)

• Back-tracking search

• Nondet. rec. descent

• Predictive rec. descent

• PEG/Packrat

• Combinators

• Earley



Context-free languages



Context-free languages

• Natural choice for describing syntax

• Like regular expressions plus recursion



Example

• Language of balanced parentheses

• Language is context-free language

• But language is not regular language



As formal language

• Context-free languages are formal languages

• Two operations allowed: catenation, union

• Recursive equations are allowed as well



Example

Chapter 6

Context-free languages

Context-free languages are the formalism most frequently used to describe the syntactic
structure of modern programming languages. As a class of languages, context-free languages
are strictly larger than the languages described by regular expressions. The key feature
of context-free languages that makes them so useful is their ability to recognize recursive
structure. Recursive structure refers to properties like evenly balanced parentheses, brackets
and braces.

The enumerative form of context-free languages are context-free grammars (CFGs). These
CFGs are concise descriptions of the phrasal structure of languages, and they determine a
natural mapping from a string into a parse tree. The mechanical equivalent of context-free
grammars are push-down automata. Deterministic push-down automata, in particular, are
the foundation of parser-generator theory.

6.1 Context-free languages as formal languages with
recursion

It is possible to interpret context-free grammars as formal languages which allow recursion
in their definition. Consider, for example, the language of balanced parantheses over the
alphabet {(, )}, e.g., (), (()), (()()), ()()(). We could describe this language equation-
ally:

LB = {ε} ∪ ({(} · LB · {)} · LB) .

Of course, care must be taken with the semantics of recursive structures. Fortunately, the
standard solution to deciphering the meaning of recursion—fixed points—works to define
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Problem: Recursion!

How do we assign meaning to recursive definitions?



Fixed points!



Fixed points

If x = f(x), then the point x is
 a fixed point of the function f.



Fixed points

the meaning of these languages. The language LB readily factors into fixed-point form:

LB = f(LB)

f(L) = ({(} · L · {)} · L) .

Consequently, the candidate languages for the set LB are the fixed points of the function
f : P (A∗) → P (A∗):

LB ∈ Fix (f),

where the fixed points of a function are those inputs which map to themselves:

Fix (f) = {L : L = f(L)} .

Among all of the fixed points available for a language, there are two candidates which
make a sensible interpretation: the least fixed point and the greatest fixed point under
the subset ordering. The least fixed point interpretation af a language yields all of the
strings of finite length, while the greatest fixed point interpretation of a language will include
strings of infinite length. For example, in the language LB the greatest fixed point includes
the infinitely long sequence of the substring (), ()()()().... Because the function f is
monotonic, the least fixed point, lfp(f), is expressible through iterated application:

lfp(f) =
∞⋃

i=1

f(∅),

while the greatest fixed point iterates downward from the set of all strings:

gfp(f) =
∞⋂

i=1

F (A∗).

In general, for a set of recursive equations over the languages L1, . . . , Ln, if

L1 = f1(L1, . . . , Ln)

L2 = f2(L1, . . . , Ln)
... =

...

Ln = fn(L1, . . . , Ln),

then these languages are a fixed point of the function F : P (A∗)n → P (A∗)n:

F (L1, . . . , Ln) = (f1(L1, . . . , Ln),

f2(L1, . . . , Ln),
...

fn(L1, . . . , Ln)),

and by default, the least fixed point of this function:

(L1, . . . , Ln) = lfp(F ).
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Algebra

• x = x2 - 1 is a recursive definition of x

• If f(v) = v2 - 1, then x = f(x).

• Solutions are the fixed points of f.



0

f(x)

x



0

f(x)

x

f(x) = x2 -1



0

f(x)

x

fixed line

f(x) = x2 -1



Refactoring
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Candidates
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Sensible choices

lfp(f) =
⋂

L∈Fix(f)

L

gfp(f) =
⋃

L∈Fix(f)

L



Greatest fixed point

• Includes infinitely long strings!

• Example: ()()()()()()()...



Kleene’s theorem
(specialized)

If a function f is continuous, then:

lfp(f) =
∞⋃

n≥1

fn(∅)



Continuous

f

(
⋃

i

xi

)
=

⋃

i

f(xi)

The function f is continuous only if:



Constructive 
observation

∅ ⊆ f(∅) ⊆ f2(∅) ⊆ f3(∅) ⊆ · · ·



Excursion



In general
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Context-free grammars



Context-free grammars
6.2 Context-free languages from context-free grammars

An alternative yet equivalent perspective of context-free languages sees them a collection of
symbols and rules which generate strings.

A context-free grammar is a quadruple (A, N,R, n0), where:

• the set A contains the terminal symbols of the language—its alphabet; and

• the set N contains the non-terminal symbols of the language; and

• the set R ⊆ N × (A×N)∗ contains non-terminal-to-terminal substitution rules; and

• the symbol n0 ∈ N is the top-level “start” symbol.

Context-free grammars generate sets of strings according to their substitution rules. Each
substitution rule (n, 〈s1, . . . , sn〉), usualy written n → s1 . . . sn, indicates that it is safe to
replace the symbol n with the string s1 . . . sn wherever it appears. Formally:

(n → s1 . . . sn) ∈ R wnw′ ∈ L(A, N,R, n0)

ws1 . . . snw′ ∈ L(A, N,R, n0).

And, the start symbol is the top-level symbol in every language:

n0 ∈ N .

It is also useful to think of context-free languages in terms of the derives relation: (→) ⊆
(A ∪ N)∗ × (A ∪ N)∗. The derives relation is always defined with respect to a particular
grammar (A, N,R, n0), so that:

(n → s1 . . . sn) ∈ R

wnw′ → ws1 . . . snw′.

6.2.1 Example: Balanced parentheses

The language of balanced parentheses is expressible with a context-free grammar, GB =
(A, N,R, n0):

A = {(, )}
N = {B}
R ( B → (B)B

R ( B → ε

n0 = B.
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Recognizing strings
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Example

Context-free grammars make it straightforward to prove (by hand) the membership of a
string in a language; consider the string ():

(B → ε) ∈ R
(B → (B)B) ∈ R

B = n0

B ∈ L(GB)
(B)B ∈ L(GB)

() ∈ L(GB).

The language described by the grammar GB is exactly the same language defined as the
least fixed point of the recursive equations earlier; that is, LB = L(GB).

6.2.2 Parse-tree diagrams

Parse-tree diagrams are a useful way of demonstrating the phrasal structure of a string in
a language. In a parse tree, the root node is the start symbol, the non-leaf nodes are non-
terminals and the leafs are terminal symbols. The children of each non-terminal correspond
to a rule for generating that non-terminal.

Example 6.1. The parse tree for () ∈ LB is:

B

( B

ε

) B

ε

!

For example, we can create a context-free grammar GRE = (A, N,R, n0) that describes the
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Parse trees

• Convenient diagrammatic notation

• Demonstrates membership in language

• Simultaneously shows structure of string
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Example: Regexes
structure of simple regular expressions:

A = {(, ), a, . . . , z, |, *}
N = {E, T, F,K}
R ! E → T | E

R ! E → T

R ! T → F T

R ! T → F

R ! F → K*

R ! F → K

R ! K → (E)

R ! K → a, for every a ∈ {a, . . . , z}
n0 = E.

Then, the parse tree diagram for the regular expression (a|b)* becomes:

E

T

F

K

( E

T

F

K

a

E

T

F

K

b

)

*

6.2.3 Ambiguous grammars

A grammar is ambiguous if there exists a string in the language it describes for which
there are two or more parse trees. For example, the grammar of arithmetic expressions,

54



structure of simple regular expressions:

A = {(, ), a, . . . , z, |, *}
N = {E, T, F,K}
R ! E → T | E

R ! E → T

R ! T → F T

R ! T → F

R ! F → K*

R ! F → K

R ! K → (E)

R ! K → a, for every a ∈ {a, . . . , z}
n0 = E.

Then, the parse tree diagram for the regular expression (a|b)* becomes:

E

T

F

K

( E

T

F

K

a

E

T

F

K

b

)

*

6.2.3 Ambiguous grammars

A grammar is ambiguous if there exists a string in the language it describes for which
there are two or more parse trees. For example, the grammar of arithmetic expressions,

54

Parse tree: (a|b)*

structure of simple regular expressions:

A = {(, ), a, . . . , z, |, *}
N = {E, T, F,K}
R ! E → T | E

R ! E → T

R ! T → F T

R ! T → F

R ! F → K*

R ! F → K

R ! K → (E)

R ! K → a, for every a ∈ {a, . . . , z}
n0 = E.

Then, the parse tree diagram for the regular expression (a|b)* becomes:

E

T

F

K

( E

T

F

K

a

E

T

F

K

b

)

*

6.2.3 Ambiguous grammars

A grammar is ambiguous if there exists a string in the language it describes for which
there are two or more parse trees. For example, the grammar of arithmetic expressions,

54



Ambiguous grammars

A grammar is ambiguous
 if there is at least one string that

 has one or more parse trees.



Example: Ambiguity
GA = (A, N,R, n0), is ambiguous:

A = {(, ), +, *} ∪ Z
N = {E}
R " E → E + E

R " E → E * E

R " E → z, for every z ∈ Z
n0 = E.

For an expression like 3 + 4 * 9, the above grammar admits both of these parse trees:

E

3 + E

4 * 9

E

E

3 + 4

* 9

When a grammar is ambiguous, external policies are necessary in order to determine which
parse tree is to be preferred.

6.2.4 Left-recursive grammars

A left-recursive grammar is one that contains a symbol which may derive a new interme-
diate string, in which that symbol is at the head of the string. The grammar for arithmetic
expressions is the classic example of a left-recursive grammar. Left-recursive grammars are
ineligible for certain parsing strategies, which may require the left-recursion to be factored
out of the grammar before using it.

6.3 Nondeterministic recursive-descent parsing

For non-left-recursive grammars, non-deterministic recursive-descent parsers can parse a
string in the language. While such parsers can handle ambiguous grammars, their running
time is potentially exponential in the size of the input string. In nondeterministic recursive-
descent parsers, every nonterminal symbol becomes a procedure that parses that symbol.
Each procedure accepts a stream-encoded version of the input, and either returns a parse
tree for that symbol, or it throws an exception to denote a failed parse. Consequently,
nondeterministic recursive-descent parsers guess a parse, and the back-track on failure.
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Left-recursion

A grammar is left-recursive if a non-terminal symbol 
can derive a new string with itself in leftmost position.



Example: Left-recursion

GA = (A, N,R, n0), is ambiguous:

A = {(, ), +, *} ∪ Z
N = {E}
R " E → E + E

R " E → E * E

R " E → z, for every z ∈ Z
n0 = E.

For an expression like 3 + 4 * 9, the above grammar admits both of these parse trees:

E

3 + E

4 * 9

E

E

3 + 4

* 9

When a grammar is ambiguous, external policies are necessary in order to determine which
parse tree is to be preferred.

6.2.4 Left-recursive grammars

A left-recursive grammar is one that contains a symbol which may derive a new interme-
diate string, in which that symbol is at the head of the string. The grammar for arithmetic
expressions is the classic example of a left-recursive grammar. Left-recursive grammars are
ineligible for certain parsing strategies, which may require the left-recursion to be factored
out of the grammar before using it.

Example 6.2. Grammars describing lists are frequently left-recursive; for example:

S → S , x

S → x

but a grammar can be reformulated to avoid left-recursion:

S → x , S

S → x

!
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Example: Factoring

GA = (A, N,R, n0), is ambiguous:

A = {(, ), +, *} ∪ Z
N = {E}
R " E → E + E

R " E → E * E

R " E → z, for every z ∈ Z
n0 = E.

For an expression like 3 + 4 * 9, the above grammar admits both of these parse trees:

E

3 + E

4 * 9

E

E

3 + 4

* 9

When a grammar is ambiguous, external policies are necessary in order to determine which
parse tree is to be preferred.

6.2.4 Left-recursive grammars

A left-recursive grammar is one that contains a symbol which may derive a new interme-
diate string, in which that symbol is at the head of the string. The grammar for arithmetic
expressions is the classic example of a left-recursive grammar. Left-recursive grammars are
ineligible for certain parsing strategies, which may require the left-recursion to be factored
out of the grammar before using it.

Example 6.2. Grammars describing lists are frequently left-recursive; for example:

S → S , x

S → x

but a grammar can be reformulated to avoid left-recursion:

S → x , S

S → x

!
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Nondeterministic 
recursive descent



Grammar

6.3 Nondeterministic recursive-descent parsing

For non-left-recursive grammars, non-deterministic recursive-descent parsers can parse a
string in the language. While such parsers can handle ambiguous grammars, their running
time is potentially exponential in the size of the input string. In nondeterministic recursive-
descent parsers, every nonterminal symbol becomes a procedure that parses that symbol.
Each procedure accepts a stream-encoded version of the input, and either returns a parse
tree for that symbol, or it throws an exception to denote a failed parse. Consequently,
nondeterministic recursive-descent parsers guess a parse, and the back-track on failure.

Example 6.3. Consider, for instance, the following grammar:

X → (X∗)

X → num

X → sym

X∗ → X X∗

X∗ → ε.

We could write procedures parseX and parseXList (in pseudo-Scala):

def parseX(input : TokenStream) : (X,TokenStream) {
try {
input’ = eat(’(’,input’) ;
(xlist,input’) = parseXList(input’) ;
input’ = eat(’)’,input’) ;
return (new X(xlist),input’) ;
} finally try {
if (input.head.type != NUM)
throw new MatchFailureException() ;
(num,input’) = next(input’) ;
return (new X(num),input’) ;

} finally try {
if (input.head.type != SYM)
throw new MatchFailureException() ;
(sym,input’) = next(input’) ;
return (new X(sym),input’) ;

} finally {
throw new MatchFailureException() ;
}
}
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Lexer API

• next() : Token

• eat(t : TokenType)

• peek(k : Int) : TokenType



CFG properties



Nullability

if (lexer.peek() == ’(’) {
lexer.eat(’(’) ;
list = parseXList() ;
lexer.eat(’)’) ;
return new X(list) ;
} else if (lexer.peek() == NUM) {
return new X(lexer.next()) ;
} else if (lexer.peek() == SYM) {
return new X(lexer.next()) ;
} else {
throw new Exception("Expected (, NUM or SYM, but got: " + lexer.next())) ;
}
}

def parseXList() : List[X] {
if (lexer.peek() == ’)’) {
return Nil ;
} else {
head = parseX() ;
tail = parseXList() ;
retun head :: tail ;
}
}

!

Often, it is intuitive to determine how far to peek and what to check for in order to determine
which rule to choose for parsing. If not, one can utilize first sets in the construction of LL(1)
parsers. In a context free grammar, the function first : (A ∪N) → P (A) reveals the set of
terminal symbols which might appear first in any string derived from that symbol.

To compute first sets, we must first compute the nullability of symbols in a grammar. That
is, we must determine whether or not a symbol could derive the empty string. Due to
the recursive structure of rules, constraint-solving is a convenient method for computing
nullability.

The nullability function, δ : (A ∪ N) → {{ε} , ∅}, returns the set {ε} if the provided
symbol can derive the empty string, and ∅ otherwise:

δ(a) = ∅
δ(n) ⊇ δ(s1) · . . . · δ(sn) if (n → s1 . . . sn) ∈ R

δ(n) ⊇ {ε} if (n → ε) ∈ R.
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Nullability

if (lexer.peek() == ’(’) {
lexer.eat(’(’) ;
list = parseXList() ;
lexer.eat(’)’) ;
return new X(list) ;
} else if (lexer.peek() == NUM) {
return new X(lexer.next()) ;
} else if (lexer.peek() == SYM) {
return new X(lexer.next()) ;
} else {
throw new Exception("Expected (, NUM or SYM, but got: " + lexer.next())) ;
}
}

def parseXList() : List[X] {
if (lexer.peek() == ’)’) {
return Nil ;
} else {
head = parseX() ;
tail = parseXList() ;
retun head :: tail ;
}
}

!

Often, it is intuitive to determine how far to peek and what to check for in order to determine
which rule to choose for parsing. If not, one can utilize first sets in the construction of LL(1)
parsers. In a context free grammar, the function first : (A ∪N) → P (A) reveals the set of
terminal symbols which might appear first in any string derived from that symbol.

To compute first sets, we must first compute the nullability of symbols in a grammar. That
is, we must determine whether or not a symbol could derive the empty string. Due to
the recursive structure of rules, constraint-solving is a convenient method for computing
nullability.

The nullability function, δ : (A ∪ N) → {{ε} , ∅}, returns the set {ε} if the provided
symbol can derive the empty string, and ∅ otherwise:

δ(a) = ∅
δ(n) ⊇ δ(s1) · . . . · δ(sn) if (n → s1 . . . sn) ∈ R

δ(n) ⊇ {ε} if (n → ε) ∈ R.
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Inclusion constraints

For convenience, nullability distributes over catenation:

δ(s1 . . . sn) = δ(s1) · . . . · δ(sn).

We will exploit nullable identities to “cancel” out or “enable” terms:

ε · w = w

∅ · w = ∅.

Aside. Solving inclusion constraints is straightforward when the right-hand sides can be
phrased as monotonic functions. That is, if:

X1 ⊇ f1(X1, . . . , Xn)
...

...

Xn ⊇ fn(X1, . . . , Xn),

and the functions f1, . . . , fn are monotonic, then the following algorithm computes a solution:

Xi ← ∅ for all i

changed ← true

while (changed)

changed ← false

X ′
i ← fi(X1, . . . , Xn)

if (Xi $= X ′
i)

Xi ← X ′
i

changed ← true.

If the functions are not monotonic, neither termination nor soundness of this algorithm is
not guaranteed. !

In context-free grammars, first sets are easily computed with subset-inclusion constraints;
for every rule (n → s1 . . . sm) ∈ R:

first(n) ⊇
m⋃

i≥1

δ(s1 . . . si−1) · first(si).

Recursive-descent parsers also benefit from computing follow sets. The follow set for a
symbol is the set of terminal symbols which may follow it in a parse. We can constrain the
function follow : (A ∪N) → A; for every rule n → s1 . . . sn

follow(si) ⊇ first(si+1 . . . sn)

∪ δ(si+1 . . . sn) · follow(n).
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Inclusion constraints

For convenience, nullability distributes over catenation:

δ(s1 . . . sn) = δ(s1) · . . . · δ(sn).

We will exploit nullable identities to “cancel” out or “enable” terms:

ε · w = w

∅ · w = ∅.

Aside. Solving inclusion constraints is straightforward when the right-hand sides can be
phrased as monotonic functions. That is, if:

X1 ⊇ f1(X1, . . . , Xn)
...

...

Xn ⊇ fn(X1, . . . , Xn),

and the functions f1, . . . , fn are monotonic, then the following algorithm computes a solution:

Xi ← ∅ for all i

changed ← true

while (changed)

changed ← false

X ′
i ← fi(X1, . . . , Xn)

if (Xi $= X ′
i)

Xi ← X ′
i

changed ← true.

If the functions are not monotonic, neither termination nor soundness of this algorithm is
not guaranteed. !

In context-free grammars, first sets are easily computed with subset-inclusion constraints;
for every rule (n → s1 . . . sm) ∈ R:

first(n) ⊇
m⋃

i≥1

δ(s1 . . . si−1) · first(si).

Recursive-descent parsers also benefit from computing follow sets. The follow set for a
symbol is the set of terminal symbols which may follow it in a parse. We can constrain the
function follow : (A ∪N) → A; for every rule n → s1 . . . sn

follow(si) ⊇ first(si+1 . . . sn)

∪ δ(si+1 . . . sn) · follow(n).
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Solving inclusions

For convenience, nullability distributes over catenation:

δ(s1 . . . sn) = δ(s1) · . . . · δ(sn).

We will exploit nullable identities to “cancel” out or “enable” terms:

ε · w = w

∅ · w = ∅.

Aside. Solving inclusion constraints is straightforward when the right-hand sides can be
phrased as monotonic functions. That is, if:

X1 ⊇ f1(X1, . . . , Xn)
...

...

Xn ⊇ fn(X1, . . . , Xn),

and the functions f1, . . . , fn are monotonic, then the following algorithm computes a solution:

Xi ← ∅ for all i

changed ← true

while (changed)

changed ← false

X ′
i ← fi(X1, . . . , Xn)

if (Xi $= X ′
i)

Xi ← X ′
i

changed ← true.

If the functions are not monotonic, neither termination nor soundness of this algorithm is
not guaranteed. !

In context-free grammars, first sets are easily computed with subset-inclusion constraints;
for every rule (n → s1 . . . sm) ∈ R:

first(n) ⊇
m⋃

i≥1

δ(s1 . . . si−1) · first(si).

Recursive-descent parsers also benefit from computing follow sets. The follow set for a
symbol is the set of terminal symbols which may follow it in a parse. We can constrain the
function follow : (A ∪N) → A; for every rule n → s1 . . . sn

follow(si) ⊇ first(si+1 . . . sn)

∪ δ(si+1 . . . sn) · follow(n).
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First sets

For convenience, nullability distributes over catenation:

δ(s1 . . . sn) = δ(s1) · . . . · δ(sn).

We will exploit nullable identities to “cancel” out or “enable” terms:

ε · w = w

∅ · w = ∅.

Aside. Solving inclusion constraints is straightforward when the right-hand sides can be
phrased as monotonic functions. That is, if:

X1 ⊇ f1(X1, . . . , Xn)
...

...

Xn ⊇ fn(X1, . . . , Xn),

and the functions f1, . . . , fn are monotonic, then the following algorithm computes a solution:

Xi ← ∅ for all i

changed ← true

while (changed)

changed ← false

X ′
i ← fi(X1, . . . , Xn)

if (Xi $= X ′
i)

Xi ← X ′
i

changed ← true.

If the functions are not monotonic, neither termination nor soundness of this algorithm is
not guaranteed. !

In context-free grammars, first sets are easily computed with subset-inclusion constraints;
for every rule (n → s1 . . . sm) ∈ R:

first(n) ⊇
m⋃

i≥1

δ(s1 . . . si−1) · first(si).

Recursive-descent parsers also benefit from computing follow sets. The follow set for a
symbol is the set of terminal symbols which may follow it in a parse. We can constrain the
function follow : (A ∪N) → A; for every rule n → s1 . . . sn

follow(si) ⊇ first(si+1 . . . sn)

∪ δ(si+1 . . . sn) · follow(n).
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First sets

For convenience, nullability distributes over catenation:

δ(s1 . . . sn) = δ(s1) · . . . · δ(sn).

We will exploit nullable identities to “cancel” out or “enable” terms:

ε · w = w

∅ · w = ∅.

Aside. Solving inclusion constraints is straightforward when the right-hand sides can be
phrased as monotonic functions. That is, if:

X1 ⊇ f1(X1, . . . , Xn)
...

...

Xn ⊇ fn(X1, . . . , Xn),

and the functions f1, . . . , fn are monotonic, then the following algorithm computes a solution:

Xi ← ∅ for all i

changed ← true

while (changed)

changed ← false

X ′
i ← fi(X1, . . . , Xn)

if (Xi $= X ′
i)

Xi ← X ′
i

changed ← true.

If the functions are not monotonic, neither termination nor soundness of this algorithm is
not guaranteed. !

In context-free grammars, first sets are easily computed with subset-inclusion constraints;
for every rule (n → s1 . . . sm) ∈ R:

first(n) ⊇
m⋃

i≥1

δ(s1 . . . si−1) · first(si).

Recursive-descent parsers also benefit from computing follow sets. The follow set for a
symbol is the set of terminal symbols which may follow it in a parse. We can constrain the
function follow : (A ∪N) → A; for every rule n → s1 . . . sn

follow(si) ⊇ first(si+1 . . . sn)

∪ δ(si+1 . . . sn) · follow(n).
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Follow sets

For convenience, nullability distributes over catenation:

δ(s1 . . . sn) = δ(s1) · . . . · δ(sn).

We will exploit nullable identities to “cancel” out or “enable” terms:

ε · w = w

∅ · w = ∅.

Aside. Solving inclusion constraints is straightforward when the right-hand sides can be
phrased as monotonic functions. That is, if:

X1 ⊇ f1(X1, . . . , Xn)
...

...

Xn ⊇ fn(X1, . . . , Xn),

and the functions f1, . . . , fn are monotonic, then the following algorithm computes a solution:

Xi ← ∅ for all i

changed ← true

while (changed)

changed ← false

X ′
i ← fi(X1, . . . , Xn)

if (Xi $= X ′
i)

Xi ← X ′
i

changed ← true.

If the functions are not monotonic, neither termination nor soundness of this algorithm is
not guaranteed. !

In context-free grammars, first sets are easily computed with subset-inclusion constraints;
for every rule (n → s1 . . . sm) ∈ R:

first(n) ⊇
m⋃

i≥1

δ(s1 . . . si−1) · first(si).

Recursive-descent parsers also benefit from computing follow sets. The follow set for a
symbol is the set of terminal symbols which may follow it in a parse. We can constrain the
function follow : (A ∪N) → A; for every rule n → s1 . . . sn

follow(si) ⊇
n−1⋃

j≥i

δ(si+1 . . . sj) · first(sj+1)

∪ δ(si+1 . . . sn) · follow(n).
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Follow sets

For convenience, nullability distributes over catenation:

δ(s1 . . . sn) = δ(s1) · . . . · δ(sn).

We will exploit nullable identities to “cancel” out or “enable” terms:

ε · w = w

∅ · w = ∅.

Aside. Solving inclusion constraints is straightforward when the right-hand sides can be
phrased as monotonic functions. That is, if:

X1 ⊇ f1(X1, . . . , Xn)
...

...

Xn ⊇ fn(X1, . . . , Xn),

and the functions f1, . . . , fn are monotonic, then the following algorithm computes a solution:

Xi ← ∅ for all i

changed ← true

while (changed)

changed ← false

X ′
i ← fi(X1, . . . , Xn)

if (Xi $= X ′
i)

Xi ← X ′
i

changed ← true.

If the functions are not monotonic, neither termination nor soundness of this algorithm is
not guaranteed. !

In context-free grammars, first sets are easily computed with subset-inclusion constraints;
for every rule (n → s1 . . . sm) ∈ R:

first(n) ⊇
m⋃

i≥1

δ(s1 . . . si−1) · first(si).

Recursive-descent parsers also benefit from computing follow sets. The follow set for a
symbol is the set of terminal symbols which may follow it in a parse. We can constrain the
function follow : (A ∪N) → A; for every rule n → s1 . . . sn

follow(si) ⊇
n−1⋃

j≥i

δ(si+1 . . . sj) · first(sj+1)

∪ δ(si+1 . . . sn) · follow(n).
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CFL trivia

• Are regular languages context-free?

• Are CFLs closed under complement?

• Is the intersection of CFLs context-free?

• Does a CFG accept no strings?

• Does a CFG accept a finite set?

• Does a CFG accept every string?

• Is one CFL a subset of another CFL?


