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Today

• Intersections: Useful?

• Derivative of a regex

• Structure of a lexer

• Mechanics of a lexer



Intersection

• Task: Regular expression to recognize dates

• Form: Mmm [D]D YYYY

• Example: Mar 20 1998, Jun 1 1995



(Left) derivatives

3.3 Derivatives of formal languages

A less common, yet still useful, operation on formal languages is the derivative. The left
derivative of a formal language L with respect to character c, denoted DcL, is the remainder
of the strings in the set L for which the character c can be removed from the front:

DcL = {w : cw ∈ L} .

Example 3.1. The left derivative of the set {foo, frak, bar} with respect to the character
c is:

Dc {foo, frak, bar} = {oo, rak} .

!

Where the derivative of a language is computable, it may be possible to a string in that
language using derivatives, thanks to the following rule:

w ∈ Dc(L)
cw ∈ L.

If it is computable to take successive derivatives of a language, and it is possible to test
whether or not one of those derivatives accepts the empty string, then it is possible to use
the derivative to test whether a string is in a language. The algorithm is straightforward:
(1) compute the derivative of the language with respect to each character in the string; and
(2) test whether the resulting language accepts the empty string.

3.3.1 Computing the derivative

For languages composed of other languages through the familiar formal language operations,
it is frequently possible to formulate the derivative of such a language recursively.

For the empty language, the derivative is empty:

Dc∅ = ∅.

For the empty-string language, the derivative is also empty:

Dc {ε} = ∅.

For one-character languages:

Dc {c} = {ε}
Dc {c′} = ∅ if c #= c′.
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Examples

• Df {foo,bar,frak} = 

• Df (foo|bar)* =

• Df (foo|bar)*frak =



Matching

3.3 Derivatives of formal languages

A less common, yet still useful, operation on formal languages is the derivative. The left
derivative of a formal language L with respect to character c, denoted DcL, is the remainder
of the strings in the set L for which the character c can be removed from the front:

DcL = {w : cw ∈ L} .

Example 3.1. The left derivative of the set {foo, frak, bar} with respect to the character
c is:

Dc {foo, frak, bar} = {oo, rak} .

!

Where the derivative of a language is computable, it may be possible to a string in that
language using derivatives, thanks to the following rule:

w ∈ Dc(L)
cw ∈ L.

If it is computable to take successive derivatives of a language, and it is possible to test
whether or not one of those derivatives accepts the empty string, then it is possible to use
the derivative to test whether a string is in a language. The algorithm is straightforward:
(1) compute the derivative of the language with respect to each character in the string; and
(2) test whether the resulting language accepts the empty string.

3.3.1 Computing the derivative

For languages composed of other languages through the familiar formal language operations,
it is frequently possible to formulate the derivative of such a language recursively.

For the empty language, the derivative is empty:

Dc∅ = ∅.

For the empty-string language, the derivative is also empty:

Dc {ε} = ∅.

For one-character languages:

Dc {c} = {ε}
Dc {c′} = ∅ if c #= c′.
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String-emptiness

Notation (Kleene star v. sequence). It is commonplace to use an asterisk symbol
∗ instead of a star symbol ! denote the Kleene star closure of a language. Whenever
this notation is used, one must use context to determine whether the asterisk means
Kleene star closure or a set of sequences. !

• The Kleene plus closure or non-empty repetition of a formal language L, denoted
L+, is the set of strings formed by concatenating members of the language with itself
one or more times:

L+ =
∞⋃

n=1

Ln.

While ε ∈ L!, it is not the case that ε ∈ L+ unless ε ∈ L.

• The reversal of a formal language L, denoted LR, contains the reversal of every string
in the language:

LR = {〈an, . . . , a1〉 : 〈a1, . . . , an〉 ∈ L} .

• The prefix of a formal language L, denoted L≤, contains all of the strings for which
some suffix makes them a string in the language:

L≤ = {w1 : there exists w2 such that w1w2 ∈ L} .

• The string-emptiness of a formal language L, denoted Lε, is the empty string if a
language accepts the empty string, and the empty set otherwise:

Lε = {ε} if ε ∈ L

Lε = ∅ if ε %∈ L.

3.2 Identities for formal languages

When reasoning about formal languages, there are several identities which can help. Con-
catenation with the empty language results in an empty language:

∅ · L = L · ∅ = ∅,

while the empty string acts like identity under concatenation:

ε · L = L · ε = L.

Under union, the empty string acts like the identity:

L ∪ ∅ = ∅ ∪ L = ∅
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Case: Empty set

3.3 Derivatives of formal languages

A less common, yet still useful, operation on formal languages is the derivative. The left
derivative of a formal language L with respect to character c, denoted DcL, is the remainder
of the strings in the set L for which the character c can be removed from the front:

DcL = {w : cw ∈ L} .
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Case: Empty set
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Case: Empty string

3.3 Derivatives of formal languages

A less common, yet still useful, operation on formal languages is the derivative. The left
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Case: Empty string

3.3 Derivatives of formal languages

A less common, yet still useful, operation on formal languages is the derivative. The left
derivative of a formal language L with respect to character c, denoted DcL, is the remainder
of the strings in the set L for which the character c can be removed from the front:

DcL = {w : cw ∈ L} .

Example 3.1. The left derivative of the set {foo, frak, bar} with respect to the character
c is:

Dc {foo, frak, bar} = {oo, rak} .
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Where the derivative of a language is computable, it may be possible to a string in that
language using derivatives, thanks to the following rule:

w ∈ Dc(L)
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Case: Character

3.3 Derivatives of formal languages

A less common, yet still useful, operation on formal languages is the derivative. The left
derivative of a formal language L with respect to character c, denoted DcL, is the remainder
of the strings in the set L for which the character c can be removed from the front:

DcL = {w : cw ∈ L} .

Example 3.1. The left derivative of the set {foo, frak, bar} with respect to the character
c is:
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!
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For one-character languages:
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Dc {c′} = ∅ if c #= c′.
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Case: Character

3.3 Derivatives of formal languages
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Case: Union
For a concatenated language:

Dc(L1 · L2) = (DcL1 · L2) ∪ (Lε
1 · DcL2).

For a union language:

Dc(L1 ∪ L2) = {w : cw ∈ L1 ∪ L2}
= {w : cw ∈ L1 or cw ∈ L2}
= {w : w ∈ DcL1 or w ∈ DcL2}
= {w : w ∈ DcL1} ∪{ w : w ∈ DcL2}
= DcL1 ∪DcL2.

For an intersection language:

Dc(L1 ∩ L2) = DcL1 ∩DcL2.

For a complemented language:

DcL =
{
w : cw ∈ L

}

= {w : cw $∈ L}
= {w : not cw ∈ L}
= {w : cw ∈ L}
= {w : w ∈ DcL}
= DcL.

For a difference language:

Dc(L1 − L2) = DcL1 −DcL2.

For an option language:

Dc(L
?) = DcL.

For an exponentiated language, where n ≥ 1:

Dc(L
n) = (DcL) · Ln−1.

For a closure language:

Dc(L
") = (DcL) · L".

For a non-empty closure language:

Dc(L
+) = (DcL) · L".
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Case: Union
For a concatenated language:
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Case: Intersection

For a concatenated language:

Dc(L1 · L2) = (DcL1 · L2) ∪ (Lε
1 · DcL2).

For a union language:

Dc(L1 ∪ L2) = {w : cw ∈ L1 ∪ L2}
= {w : cw ∈ L1 or cw ∈ L2}
= {w : w ∈ DcL1 or w ∈ DcL2}
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For an intersection language:
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Case: Intersection
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Case: Catenation

For a concatenated language:

Dc(L1 · L2) = (DcL1 · L2) ∪ (Lε
1 · DcL2).

For a union language:

Dc(L1 ∪ L2) = {w : cw ∈ L1 ∪ L2}
= {w : cw ∈ L1 or cw ∈ L2}
= {w : w ∈ DcL1 or w ∈ DcL2}
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Case: Catenation

For a concatenated language:

Dc(L1 · L2) = (DcL1 · L2) ∪ (Lε
1 · DcL2).

For a union language:

Dc(L1 ∪ L2) = {w : cw ∈ L1 ∪ L2}
= {w : cw ∈ L1 or cw ∈ L2}
= {w : w ∈ DcL1 or w ∈ DcL2}
= {w : w ∈ DcL1} ∪{ w : w ∈ DcL2}
= DcL1 ∪DcL2.

For an intersection language:

Dc(L1 ∩ L2) = DcL1 ∩DcL2.

For a complemented language:

DcL =
{
w : cw ∈ L

}

= {w : cw $∈ L}
= {w : not cw ∈ L}
= {w : cw ∈ L}
= {w : w ∈ DcL}
= DcL.

For a difference language:

Dc(L1 − L2) = DcL1 −DcL2.

For an option language:

Dc(L
?) = DcL.

For an exponentiated language, where n ≥ 1:

Dc(L
n) = (DcL) · Ln−1.

For a closure language:

Dc(L
") = (DcL) · L".

For a non-empty closure language:

Dc(L
+) = (DcL) · L".

35



Case: Complement

For a concatenated language:

Dc(L1 · L2) = (DcL1 · L2) ∪ (Lε
1 · DcL2).

For a union language:

Dc(L1 ∪ L2) = {w : cw ∈ L1 ∪ L2}
= {w : cw ∈ L1 or cw ∈ L2}
= {w : w ∈ DcL1 or w ∈ DcL2}
= {w : w ∈ DcL1} ∪{ w : w ∈ DcL2}
= DcL1 ∪DcL2.

For an intersection language:
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For a closure language:
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For a non-empty closure language:
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+) = (DcL) · L".
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Case: Complement

For a concatenated language:

Dc(L1 · L2) = (DcL1 · L2) ∪ (Lε
1 · DcL2).

For a union language:

Dc(L1 ∪ L2) = {w : cw ∈ L1 ∪ L2}
= {w : cw ∈ L1 or cw ∈ L2}
= {w : w ∈ DcL1 or w ∈ DcL2}
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Case: Difference

For a concatenated language:

Dc(L1 · L2) = (DcL1 · L2) ∪ (Lε
1 · DcL2).

For a union language:

Dc(L1 ∪ L2) = {w : cw ∈ L1 ∪ L2}
= {w : cw ∈ L1 or cw ∈ L2}
= {w : w ∈ DcL1 or w ∈ DcL2}
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Case: Difference

For a concatenated language:
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= {w : cw ∈ L1 or cw ∈ L2}
= {w : w ∈ DcL1 or w ∈ DcL2}
= {w : w ∈ DcL1} ∪{ w : w ∈ DcL2}
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Lexer generator 
structure



Lexer structure

• if in state s

• and pattern p matches

• then do     a



Actions

• GOTO state

• CONTINUE

• YIELD token



Lex syntax

<state> pattern { action }



Example

• <MAIN> “(“ { yield(LPAR) ; }

• <MAIN> “)” { yield(RPAR) ; }

• <MAIN> “/*” { go(COMMENT) ; }

• <COMMENT> “*/” { go(MAIN) ; }

• <COMMENT> . { }



Functional lexer

(define state (lexer
  [pattern action]
  ...)



Functional lexer

object state extends Lexer[C,A] {
 pattern ==> action
 ...
}



A problem of length

• Suppose the pattern: f(oo)*

• How many ways can match:

foooooooooooooooooo



Options

• Shortest match

• Global match

• Longest match



Longest match

Given a string w and a set of regular expressions R, 
which regex can match the longest prefix of w?



NaïveRemoveLongestMatch(w ∈ A*,R ⊆ 2A*)
  suffix ← w
  while (w ≠ ε)
   if ∃L ∈ R : ε ∈ L
      suffix ← w
   c:w ← w
   R ← Dc.R
  return suffix
  

Algorithm



RemoveLongestMatch(w ∈ A*,R ⊆ 2A*)
  suffix ← w
  while (R ≠ ∅ or w ≠ ε)
   if ∃L ∈ R : ε ∈ L
      suffix ← w
   c:w ← w
   R ← Dc.R - {∅}
  return suffix
  

Algorithm



Example

• RegEx: fo*

• RegEx: foobar

• RegEx: foob

• Input string:  foobarbaz


