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λ-calculus

Using a context-free grammar, it is possible to describe, formally, the set of all expressions
(Exp) in this subset of mathematics:

f, e ! Exp::= v [reference to variablev]
| f e [" f (e); application of function f to argument e]
| ! v.e [function with input v and output e],

where the symbolv represents an identiÞer,i.e., a variable name. The set of all variables is
the set Var. This grammar is ambiguous, which means that parentheses may be required.

Reminder. A context-free grammar is a mechanism for deÞning a context-free language.
The Þeld of formal semantics makes extensive use of context-free grammars to deÞne the
syntax of a language. Acontext-free grammar , as it is typically used in formal semantics,
is built of a collection of rules of the following form:

s1, . . . , sn ! S ::= p1 | á á á |pm,

where the symbolss1, . . . , sn may be used inside the patterns likep1, . . . , pm to represent a
member of the setS. !

In the literature, it also common to refer to the set of all! -terms, Lam (or in some texts,
! ), and the set of all applications,App. By factoring the grammar in terms of these sets, we
have the language more often used by mathematicians studying the! -calculus:

f, e ! Exp ::= v | lam | app
app ! App ::= f e
lam ! Lam::= ! v.e

v ! Var.

Convention (Left-associativity of application). By convention, given a sequence of
expressions, function application is implicitly performed in a left-associative (leftmost Þrst)
fashion:

e1 e2 e3 á á áen " (á á á((e1 e2) e3) á á áen).

For the kinds of expressions written in practice, left-associativity eliminates the most paren-
theses. !

Aside. The ! -calculus is also available as a subset of the programming language Scheme
(a dialect of Lisp); the notation for this subset is described by the following grammar:

f, e ! ExpScheme ::= v
| ( f e)
| ( ! ( v) e) .
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β-reduction

10.2 Semantic foundations: ! -reduction

There are many ways to define the meaning of the " -calculus. Early work on the " -calculus
sought a simple mechanism for defining the meaning of the expressions within it, preferrably
without the need for sets or complicated functions. That work converged on textual substi-
tution as a mechanism, and at the heart of this mechanism is the process of ! -reduction.
Informally, ! -reduction describes how to evaluate the application of a " -term to an ex-
pression. By itself, ! -reduction does not constitute a semantics for the " -calculus, but in
conjunction with a reduction strategy (defined shortly), it will.

An expression of the form [[(" v.eb) ea]] is known as a ! -reducible expression or ! -redex
or simply redex . The set of all ! -redexes is the set RedEx! Exp:

RedEx::= (" v.eb) ea.

The function ! : RedEx" Exp captures the meaning of ! -reduction:

! [[(" v.eb) ea]] = [v #" ea]eb.

Informally, the syntactic substitution notation [v #" e1]e2 means “the expression e2, but with
all unbound occurrences of the variable v replaced with the expression e1.” This binding-
aware substitution operation used inside the ! -reduction function can be defined formally:

[v #" e1]v = e1

[v #" e1]v′ = v′ if v′ $= v

[v #" e1][[" v.e2]] = [[" v.e2]]

[v #" e1][[" v′.e2]] = [[" v′.e′
2]] if v′ $= v where e′

2 = [v #" e1]e2

[v #" e1][[f e ]] = [[f ′ e′]] where f ′ = [v #" e1]f and e′ = [v #" e1]e.

In some texts, [v #" e1]e2 is written [e1/ v]e2 or {e1/ v}e2.

Warning This " -substitution rule only works for closed " -terms. The problem with open
terms is that “variable capture” must be prevented. Consider, for example, the redex
[[(" x." y.x) (" w.y)]]. The " -term in the argument refers to some “top-level” meaning for
the variable y. After ! -reduction, the result is [[" y." w.y]], but now the meaning of the
variable y has been incorrectly captured by the interior function. One option to avoid this
problem is to always replace the bound variable of a " -term as substitution passes through
it:

[v #" e1][[" v′.e2]] = [[" v′′.e′
2]] if v′ $= v,

where e′
2 = [v #" e1][v′ #" v′′]e2 and v′′ $%vars(e2). Given that this introduces a lot of

renaming, it’s best not to employ this style of substitution unless operating on open terms
is unavoidable.
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Substitution

10.2 Semantic foundations: β-reduction
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without the need for sets or complicated functions. That work converged on textual substi-
tution as a mechanism, and at the heart of this mechanism is the process of β-reduction.
Informally, β-reduction describes how to evaluate the application of a λ-term to an ex-
pression. By itself, β-reduction does not constitute a semantics for the λ-calculus, but in
conjunction with a reduction strategy (defined shortly), it will.

An expression of the form [[(λv.eb) ea]] is known as a β-reducible expression or β-redex
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RedEx::= (λv.eb) ea.

The function β : RedEx" Exp captures the meaning of β-reduction:

β[[(λv.eb) ea]] = [v #" ea]eb.

Informally, the syntactic substitution notation [v #" e1]e2 means “the expression e2, but with
all unbound occurrences of the variable v replaced with the expression e1.” This binding-
aware substitution operation used inside the β-reduction function can be defined formally:

[v #" e1]v = e1

[v #" e1]v! = v! if v! $= v

[v #" e1][[λv.e2]] = [[λv.e2]]

[v #" e1][[λv!.e2]] = [[λv!.e!
2]] if v! $= v where e!

2 = [v #" e1]e2

[v #" e1][[f e ]] = [[f ! e!]] where f ! = [v #" e1]f and e! = [v #" e1]e.

In some texts, [v #" e1]e2 is written [e1/ v]e2 or {e1/ v}e2.

Warning This λ-substitution rule only works for closed λ-terms. The problem with open
terms is that “variable capture” must be prevented. Consider, for example, the redex
[[(λx.λy.x) (λw.y)]]. The λ-term in the argument refers to some “top-level” meaning for
the variable y. After β-reduction, the result is [[λy.λw.y]], but now the meaning of the
variable y has been incorrectly captured by the interior function. One option to avoid this
problem is to always replace the bound variable of a λ-term as substitution passes through
it:

[v #" e1][[λv!.e2]] = [[λv!!.e!
2]] if v! $= v,

where e!
2 = [v #" e1][v! #" v!!]e2 and v!! $%vars(e2). Given that this introduces a lot of

renaming, it’s best not to employ this style of substitution unless operating on open terms
is unavoidable.
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Call-by-valueadmits efficient implementations, and it allows reduction to take place entirely on closed
terms.

The partial function βv : Exp⇀ Expdescribes thecall-by-value reduction strategy:

βv[[f e]] =

!
[[f e′]] wheree′ = βv(e) e !∈ Lam

[[f ′ e]] wheref ′ = βv(f ) e ∈ Lam and f !∈ Lam

βv[[(λv.eb) ea]] = β[[(λv.eb) ea]] if ea ∈ Lam.

The signatureβv : Exp⇀ Exp states that the function βv may not be deÞned for all inputs
in Exp. Some terms, such as variables andλ-terms, are irreducible. Informally, when neither
the function f nor the argument e are λ-terms, the value of the reductionβv[[f e]] is Òthe
same expression, but with either the argumentβ-reduced, or the functionβ-reducedÓ; when
the argumentea is aλ-term, the value of the reductionβv[[(λv.eb) ea]] is Òthe body expression
eb, but with all unbound occurrences of the variablev replaced with the argument expression
ea.Ó

Example 10.4.

1. βv[[(λx.x) (λy.y)]] = [[( λy.y)]].

2. βv(βv[[(λx.λy.x) (λz.z) (λw.w)]]) = [[( λz.z)]].

3. βv[[(λf.f f ) (λf.f f )]] = [[( λf.f f ) (λf.f f )]].

!

As with β-reduction, a single step of call-by-value evaluation may be reformulated as a
transition relation:

e⇒βv βv(e).

The meaning of an expressione under full call-by-value reduction is deÞned by iterated
application of the β function to yield β∗

v (e):

β∗
v (e) =

!
β∗

v (βv(e)) e ∈ App

e otherwise.

It will be clear soon why the functionβ∗
v : Exp⇀ Exp is a partial function: there are some

inputs for which it will never terminate. In mathematics, the value of a non-terminating
expression is ÒundeÞned.Ó
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Denotational semantics

Computes denotation of a expression.



Domains

Chapter 12

Denotational semantics

12.0.1 The lambda calculus

d ! D = D " D

! ! Env = Var " D .

E : Exp # Env " D

E([[v]], ! ) = ! (v)

E([[( f e) ]], ! ) = (E(f, ! ))(E(e,! ))

E([[( ! ( v) e) ]], ! ) = #d.E(e,! [v $" d]).
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Semantic functions

Chapter 12
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Function deÞnitions

Chapter 12

Denotational semantics
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Big-step

Reduces directly to the answer.



State-space

Chapter 13

Big-step semantics

! ! Σ = Exp" Env

" ! Env = Var # Σ.

(#) $ Σ " Σ.

(f, " ) # ([[$v.e′]], " ′)

(e," ) # !

(e′, " [v %&! ]) # ! ′

([[f e]], " ) # ! ′
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Big-step relation

(⇓) ⊆ Σ× Σ



Big-step reduction

Chapter 13

Big-step semantics

! ! ! = Exp" Env

" ! Env = Var # ! .

(#) $ ! " ! .

(f, " ) # ([[$v.e′]], " ′)

(e, " ) # !

(e′, " ′[v %&! ]) # ! ′

([[f e]], " ) # ! ′
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Small-step semantics

Each reduction is computable.



State-space

! ! Σ = ValExp " Env " Kont

" ! Env = Var # D

d ! D = Clo

clo ! Clo = Lam " Env

$ ! Kont = RetCont + {halt }
RetCont = ˙ValExp " Env " Kont .

V ! ValExp ::= v | lam | d |
| V e

| d V.

V̇ ! ˙ValExp ::= !

| V̇ e

| d V̇ .

(v, " , $) # (" (v), " , $).

(lam, " , $) # ((lam, " ), " , $).

([[([[%v.e]], " !) d]], " , $) # (e," !![v $%d], $).

(V̇ [e], " , $) # (e," , (V̇ ," , $)).

(d," , (V̇ ," !, $)) # (V̇ [d], " !, $).
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Value expressions

! ∈ Σ = ValExp× Env × Kont

" ∈ Env = Var # D

d ∈ D = Clo

clo ∈ Clo = Lam× Env

$ ∈ Kont = RetCont + { halt }

RetCont = úValExp× Env × Kont .

V ∈ ValExp::= v | lam | d |

| V e

| d V.

úV ∈ úValExp::= !

| úV e

| d úV.

(v, " , $) ⇒ (" (v), " , $)

(lam, " , $) ⇒ (( lam, " ), " , $)

([[([[%v.e]], " !) d]], " , $) ⇒ (e," !![v $→ d], $)

( úV[e], " , $) ⇒ (e," , ( úV ," , $))

(d, " , ( úV ," !, $)) ⇒ ( úV[d], " !, $).

15.5 A CEK machine for A-Normal Form %-calculus

Flanagan et al.Õs administrative normal form (ANF) [?] is an alternate formulation of the
%-calculus in which order of evaluation is Þxed and all arguments are ßattened through
let-binding:

f, e ∈ ExpANF ::= v
| let v = vf va in e
| let vb = lam in e

lam ∈ LamANF ::= %v.e

ANF is most common as an intermediate representation during compilation.
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Value-expression 
contexts

! ∈ Σ = ValExp× Env × Kont

" ∈ Env = Var # D
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15.5 A CEK machine for A-Normal Form %-calculus

Flanagan et al.Õs administrative normal form (ANF) [?] is an alternate formulation of the
%-calculus in which order of evaluation is Þxed and all arguments are ßattened through
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lam ∈ LamANF ::= %v.e

ANF is most common as an intermediate representation during compilation.
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Transition

(⇒) ⊆ ! × !



Rules

! ∈ ! = ValExp× Env × Kont

" ∈ Env = Var # D

d ∈ D = Clo

clo ∈ Clo = Lam× Env

$ ∈ Kont = RetCont + { halt }

RetCont = ˙ValExp× Env × Kont .

V ∈ ValExp::= v | lam | d |

| V e

| d V.

V̇ ∈ ˙ValExp::= !

| V̇ e

| d V̇ .

(v, " , $)⇒ (" (v), " , $)

(lam, " , $)⇒ ((lam, " ), " , $)

([[([[%v.e]], " !) d]], " , $)⇒ (e," ![v $→ d], $)

(V̇ [e], " , $)⇒ (e," , (V̇ ," , $))

(d," , (V̇ ," !, $))⇒ (V̇ [d], " !, $).

15.5 A CEK machine for A-Normal Form %-calculus

Flanagan et al.’s administrative normal form (ANF) [?] is an alternate formulation of the
%-calculus in which order of evaluation is fixed and all arguments are flattened through
let-binding:

f, e ∈ ExpANF ::= v
| let v = vf va in e
| let vb = lam in e

lam ∈ LamANF ::= %v.e

ANF is most common as an intermediate representation during compilation.
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Metacircular 
interpreters



Metacircular 
interpreter

Interprets constructs using themselves.

(Often also a self-interpreter.)


