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Correction

¥ (Chaudhuri, 2008) implies subcubic OCFA

¥ (Heintze, McAllaster, 1997) proved OCFA 2NPDA-h
¥ (Rytter, 1985) showed 2NPDA to be @¥/log n)
¥ (Midtgaard & Van Horn, 2009) explicitly for OCFA




Claribcations

¥ An analysis ipartially correct  if it is
sound for terminating programs.

¥ An analysis itotally correct  if it is
sound for all programs.




Useful words,
dangerous words

When two people use the same word,
the word becomes useful. i
DanvyOs Law




Useful words,
dangerous words

When two people use the same word,
the word becomes useful. i
DanvyOs Law

When two people use the same word,
but disagree on its meaning,
the word becomes dangerous.
MightOs Conjecture




High-level objective

To understand:

¥ Polyvariant
¥ Monovariant
¥ Context-sensitive

¥ Context-insensitive




How do you get bettel

precision than OCFA’




k-CFA (Shivers, 1991

¥ A hierarchy of analysels= 0,E, !
¥k + 1 is always more precise th&n

¥ k=1 isthe concrete semantics




Observation

The structure of the abstraction inf3uences precision
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Problem

Concrete state-space unfriendly to abstraction:

! | Call" Env
p! Env = Var — Clo

clo! Clo= Lam" Env




Standard solution

Reformulate the concrete semantics.




Standard solution

Reformulate the concrete semantics.

But, how?




Stumbling towark-CFA

¥ Addletrec  construct to CPS; or
¥ Add side effects construct to CPS;

¥ Make state-space non-recursive




Stumbling towark-CFA

¥ Addletrec  construct to CPS; or
¥ Add side effects construct to CPS;

¥ Make state-space non-recursive

)

ReynoldsO rule




CPS withletrec

v! Var
f,e! Exp= Var+ Lam
lam ! Lam:= (! (v1...vnh) call)
call ! Call::= (fe;...en)




CPS withletrec

v! Var
f,e! Exp= Var+ Lam
lam ! Lam:= (! (v1...vnh) call)
call ! Call::= (fe;...en)
| (letrec (( vlam)) call)




Options for letrec




Options for letrec

¥ Usebx to create inbnite closures

¥ Desugar using the Y Combinator

¥Binding-factor the environment




Factored environmen

'l Env = Var” Lam" Env

# ! BEnv = Var" Addr
$ ! Store = Addr # Lam" BEnv

| S $ o
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Factored environmen
h

'l Env = Var” Lam" Env

# ! BEnv = Var" Addr
$ ! Store = Addr # Lam" BEnv

| S $ o




Concrete state-space

11 = Call" BEnv" Store
"1 BEnv = Var# Addr
$! Store= Addr # Clo
clo! Clo= Lam" BEnv
a! Addr Is a set of addresses




Environment look-up

¥ Look up address of variablé:(v)
¥ Look up value of address:(" (V))




Factored evaluator

E(v,1,") = " (1 (v))

E(lam,!,")=(lam,!)




Environment addition

¥ Allocate fresh addressa
¥ Extend binding environmentv !" &'

¥ Extend store:o[a’ — clo]

But, where are we going to get a fresh address?




Options for freshness

1. Nondeterministically choose an address;
2. Construct a total order on addresses; or

3. Thread time-stamp through the semantic




Constraints on time-stamp

¥ Inbnite in number.

¥ Monotonically increasable




Concrete state-space
(With time-stamps)

I = Call x BEnv x Store x Time
= Var# Addr
= Addr # Clo
clo € Clo = Lam x BEnv
a € Addr Is a set of addresses
t € Time Is a set of time-stamps




Concrete semantics

Whencall =[(feq1...e,)]:

(call,!,",t)! (call’',! """ t), where
(lam,! ) = E(f, !,")
clo, = E(e;,!,")
lam = (! (vi...v,) call)]
t' = tick (call, t)
a; = alloc(v;, 1)
=y H ag]

"!= " [a; "# clo;]




Concrete semantics

When call = [ (letrec (( v lam)) call) ]

(call, B,0,t) ! (call', 3,0, t), where
t = tick(call,t)
a = alloc(v,t)
5= Blv"# d]
clo = E(lam, 3, o)

o = ola"# clo]




Concrete parameters

tick : Calll Time " Time
alloc: vVar! Time " Addr




Constraints, formalize

t <tick (call,t) [monotonicity]
If v E V', then alloc(v,t) £ alloc(v',t).  [local uniqueness]

If t £ t', then alloc(v, t) £ alloc(v', t'). [global uniqueness]




The easy solution

Time = N
Addr = Var! Time

tick(,t)=t+1
alloc(v,t) =(v,1t)




Abstracting tok-CFA




K-CFA state-space

A

B! © = Call" BEnv" Store" Time
01 BEnv = Var# Addr

#1 Store = Addr # P(éﬁ)

clo! Clo= Lam" BEnv

a! Addr i1s abnite set of addresses

A

P! Time is aPnite set of time-stamps




K-CFA state-space

A

5! O = Call" BEnv" Store” Time

01 BEnv = Var# Addr

#1 Store = Addr # P(éﬁ)

A

EIB! 652 Lam"” BEnv

/‘\

a! Addr i1s abnite set of addresses

A

P! Time is aPnite set of time-stamps

Is this state-space Pnite?




Non-recursive

Bl O = Call" IBEn\I/ " é#ore" rime

51 Store= Addr # P Clo

dio! Clo= Lam" BEnv
#1 BEnv = Var# Addr
a! Addr is a Pnite set of addresses

P! Time is a Pnite set of time-stamps




Non-recursive

B! O = Call" BEnv" Store" Time

P! Time is a bnite set of time-stamps




Abstraction maps

| (call,” ,#,t) = (call,! ("),! (#),! (1))
(") = SV (" (V)
L (#) = $a. ! (#(Q))

l (a)=a

 (lam, ") = {(I.am,! ("))}

I (@) is set
I (t) is set

DY

DY

Darameter

Darameter

B 8 = $a.(85@) " 8'(Q)




K-CFA components

1) "3

| #
E - Exp" BEnv" Store# P Clo




.I.I.

©:Exp! BEnv! Store" P Elo

(v, 0,) = <'3$(!6(V))

%
B(lam,9,8) = (lam, ©)




Semantics fok-CFA

Whencall = [(fe1...e))]:

(call, 3,6,1)! (call', 3", 6, t), where

(lam, 3') ! E(f, 3,6)

Ci = &(e, B,6)
lam = [(A (vi...vn) call)]
t' = tick (call, f)
a; = alloc(v;, t')
B =BV "# &l
o' =:5% (& "# C




Semantics fok-CFA

When call = [ (letrec (( v lam)) call)) ]

(call, 'O, '6,@ | (ca,ll!, !6!, '6!,@), where
0 = fick (call, ®)
&= alloc(v, 9)
0' = Oy I" g]
© = I@(lam, !b!, 0)
o= #[a" O




Parameters fok-CFA

tick : Call! Time " TYime
alloc : Var! Time " Addr




Exercise: Addet

Whencall =[(let (( v e)) call)]:

(call,! ,",t)! (call',!’,"" t'), where




Exercise: Addet

Whencall =[(let (( v e)) call)]:

(call,! ,",t)! (call',!’,"" t'), where

Whencall =[(fe1...e,)]:

(call,!,",t)! (call',! """ t"), where
(lam,! )= E(f, !,")
clo, = E(eg;,!,")
lam = [(! (v1...v,) call)]
t' = tick (call, t)
a; = alloc(v;, t')
= v al]
"'= "la; "# clo;]




Exercise: Addet

Whencall =[(let (( v e)) call)]:

(call,! ,",t)! (call',!’,"" t'), where
t' = tick (call, t)
a = alloc(v, t")
clo= E(e,!,")

"= 1[v"# a

= "[a"# clo]




Exercise: Addet

Whencall = [ (let ((v e)) call)]:

(call, 0,6, ! (call',©, 8" 6), where




Exercise: Addet

Whencall = [ (let ((v e)) call)]:

(call, 0,6, ! (call',©, 8" 6), where
f = fick (call, ©)
& = alloc(v, )
© = B(e, 0, 0)
0' = Oy I" g]
o= #[a" O




Constraints on parameter

f 1 (t)! €, then! (tick (call,t)) ! tick (call,f).

f1(t)! f, then! (alloc(v,t))! alloc(v,t).




The k-CFA solution

Time = Calf fime = CalK
Addr = Var! Time Addr = Var! Time

tick (call, t) = call : t tick (call, ®) = brst,(call : )
alloc(v,t) = (v,1) alloc(v,® = (v,




Abstraction maps

1 (t) = Prst, (1)
(v, 1) = (v, E (L))




Context-sensitivity

and polyvariance




Context-sensitivity

¥ Times determineontext-sensitivity
¥ Higherk retains more context/history

¥ Biggerk means bigger abstract state-spac




State-space arkl

9] = |Call
| (|Var]! | Call*)/Ve" (|JBEnv|)
| vay [Var|! |Calll¥

| | oltam|! ([Var|! |Callk)

(|Store|)
| |Call” (ITime|)




Polyvariance

Polyvariance = max abstract addresses per variabl

In k-CFA, polyvariance €allf.

k = 0 1S monovariant.







Solving for OCFA

Be O = Call x BEnv x Store x Time
0 ¢ BEnv = Var — Addlr

. #
B c Store= Addr — P Clo

dio € Clo = Lam x BEnv

& c Addr = Var x Time

Pc Time = {()}




Solving for OCFA

BHe O = Call xeBERiem StOre seriiae
! #
B c Store= Addr — P Clo

dio € Clo = Lam »=BEav=-
a c Addr = Var »riae=




Solving for OCFA

be O = Call x $tore
6 € $tore = Addr — P (Lam)




Solving for OCFA

be O = Call x $tore
6 € $tore = Addr — P (Lam)

6! O = Call" Eny
p! Env=Var— P C€lo

#

dio! Clo = Lam




Solving for OCFA

([(fer...e)],B)! (call’,B'), where
[(! (vi...vp) call)]! E(f, B)
Li = B(e, b)
B =& " [vi #$L]




Solving for OCFA

([(letrec (( v lam)) call))], B) ~ (call’, B'), where
B'=6 ! [v"# {lam}]




Solving for 1CFA

8! O = Call" BEnv" Store" Time
9! BEnv = Var # ;Zlddr

| #
6! Store= Addr# P Clo
Ho ! Clo = Lam" BEnv

a! Addr = Var" Time

O1 Time 2 Call




Solving for 1CFA

6! O = Call" BEnv" Store "==Bimve
Q! BEnv = Var# ;Zldd( ”
6! Store= Addr# P Clo
Ho | Clo = Lam" BEnv
a! Addr = Var" Time




Solving for 1CFA

B! O = Call" BEnv" Store

01 BEnv = Var# ;Zlddr "

B Store = Addr # 77. Clo

l$l0! "CZO Lam" BEnv
6! Addr = Var" Call




Solving for 1CFA

Whencall =[(fe1...e))]:

(call, 0,8) ! (call',©" 8'), where
(lam, ©9) € B(f, O, 9)
O = B(g, 9, )
lam = [ (! (v1...vy) call)]
0" = O'v; — (vj, call)]
6 =8 U[(v,call) — ®|]




call,
calls
cally

Exercise

(id3( ! (vl)
(id4 (! (v2)
(halt v2))))

call

| _"H.S
cally = (let (td (! (xq) (ax))))




Exercise

Whencall =[(fe1...e))]:

| R (call, ©,8) ! (call', 0" 8'), where
call; = (let (1d (! (xa) (4x)))) N .
call, = (id3( ! (vi) (lam, ©) € E(f, ©,0)

calls=  (id4( ! (v2) O = B, O,0)

cally = (halt v2)))) lam = [(! (vi...vn) call)]
0" = Ov; — (v;, call)]
5 =68 U[(vi,cal) — Q]

(call1,! )
(call,,[id "# (id , call1)]],

[(1d, cally) "# {(! 1,1 )}])




Answer

call

| "H$

cally = (let ((ld (! (xa) (qx))))

call, =
callz =
cally =

(d3 (! (v1)
(d4 (! (v2)
(halt v2))))

(callq,
(callo,

(callg,

(calls,
(callg,

)

id "# (id , call1)]],

(id', cally) "# {(t 1,1 )}])

g "# (q,cally),x "# (x, cally)]

(q, callz) "# {(! 2,[1d "# (id , call1)])}
(x,callp) "# {3},...])

Vv1"# (v1,callg),...],[(vl,callg) "#{3}....])
q"# (q, Ca||3|),X "# (X, call3)], .
(g,callz) "# (!3,[vl"# (v, callg),...])
(x,call3) "# {3},...])

(calls[v2 "# (v2,callg), . . ]

[(v2, callg) "# {4} ,...])




OCFAV.1CFA

(f X)




OCFAV.1CFA

(f X)
_\_* (" (a) E)

(fa)




OCFAV.1CFA




OCFAV.1CFA




OCFAV.1CFA
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OCFA v. 1CFA
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OCFA v. 1CFA




Small-stek-CFA for ANF




Why A-Normal Form?

¥ CPS is global transform; ANF is local
¥ Simpler than ordinary direct-style

¥ The essence of run-time stack hand|




ANF:A-Normal Form

v ! Var
f,e!l Exp= Var+ Lam
lam ! Lam:= (! (v1...vn) body)
body! Body::= (fe1...en)
(let (( v bodyy)) body,)

€




CESK-like machine

s! ! =Body" BEnv" Store" Kont " Time
5! BEnv = Var — Addr
o! Store =Addr # D

d! D =Val
val! Val = Clo
clo! Clo=Lam" BEnv
! Kont =Var" Body" Env"™ Kont

+ {halt }

a! Addr is a set of addresses

t! Time is a set of time-stamps




CESK-like machine

s! ! =Body" BEnv" Store" Kont " Time
5! BEnv = Var — Addr

o! Store =Addr # D
d! D =Val
val! Val = Clo
clo! Clo=Lam" BEnv
! Kont =Var" Body" Env"™ Kont
+ {halt }
a! Addr is a set of addresses

t! Time is a set of time-stamps

But, thereOs a problem.




Concrete state-space

'l =Body" BEnv" Store" KontPtr " Time
"1 BEnv = Var# Addr

$! Store=Addr # D
d! D = Val

val ! Val = Clo + Kont
clo! Clo =Lam" BEnv

%! Kont =Var" Body" Env" KontPtr
a! Addr is a set of addresses
t! Time Is a set of time-stamps

f:) | KontPtr $ Addr




Concrete state-space
'l 1 =Body" BEnv" Store" ' Time

"1 BEnv = Var# Addr
$! Store=Addr # D
d! D = Val

val ! Val = Clo

clo! Clo =Lam" BEnv

%! Kont =Var" Body" Env" KontPtr

al Addr IS a set of addresses

t! Time Is a set of time-stamps

|5 Il KontPtr $ Addr




Concrete semantics

Whenbody=[(fe1...e,)]:

(body,! ,",p,t) ! (body,!","" p,t"), where
(lam,! ) = E(f, !,")

clo, = E(e;,!,")

lam = [ (! (v1...v,) body)]
t' = tick (body;, t)
a; = alloc(v;, t')
=V Ay
"'z "[a; "# clo,]




Concrete semantics

Whenbody = e:

(body,! ,",p, t) = (body, !

(v,body, !, p) = " (p)
t' = tick (body, t)
a = alloc(v, t')
d= E(e,!,")
| 1

= v ]
"= "la d]

' 5tY), where




Concrete semantics

Whenbody = [ (let (( v body,)) body,) ]

(body,! ,",p,t)! (body,,!,"',p,t'), where
# = (v,body;,!,p)
t' = tick (body, t)
o' = alloc; (bodyp, t')
= 4]




Abstract state-space

B! O = Body" BEnv" Store" KbntPtr " Time
01 BEnv = Var# Addr
$! Store = Ao!dr ##Iﬁ
@ O=7P Val
val | Val = Clo + Kont
do! Clo= Lam" BEnv
@%! Kont = Var" Body" Env" KbntPtr
a! Addr is aPbnite set of addresses
P! Time is aPbnite set of time-stamps

0! KbntPtr $ Addr




K-CFA for ANF

Whenbody=[(fe1...en)]:

(body, 8,6,p,0 ! (body, 8,6, p,#), where
(lam, @) ! B(f, 9, 6)

@ = Be, 9, 6)
lam = (! (vi...vy) body)]
f = fick (body,
& = alloc(v;, )
B = Ovi "# &]
6 =o%a "t @)




K-CFA for ANF

When body = €:

(body, !b,'ﬁ, ||3,9 | (body!, !6”,'6!, [5!,6), where
(v, body', B D) 1 B(P)
P = ti/CF(body,f)
& = alloc(v, )
@= B(e,0,®)
0" = Oy "# &
b =8%[@a# @




K-CFA for ANF

Whenbody = [ (let (v body,)) body;)]:

(body, 8.6.p,6 1 (body,, §,6',p ,0), where

6 = (v, body;, 9, p)
f = fick (body,

b = Alloc, (bodyp, B)
B'= Qv g
8 =6 #[p " {8)]




Questions?



